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FOREWORD 
The p r i n c i p a l  aim o f  h e a l t h  c a r e  r e s e a r c h  a t  IIASA h a s  
been t o  d e v e l o p a  f a m i l y  of  submodels o f  n a t i o n a l  h e a l t h  c a r e  
sys tems f o r  use  by h e a l t h  s e r v i c e  p l a n n e r s .  The modeling 
work i s  p r o c e e d i n g  a l o n g  t h e  l i n e s  proposed i n  t h e  I n s t i t u t e ' s  
c u r r e n t  Research  P l a n .  I t  i n v o l v e s  t h e  c o n s t r u c t i o n  o f  l i n k e d  
submodels d e a l i n g  w i t h  p o p u l a t i o n ,  d i s e a s e  p r e v a l e n c e ,  r e s o u r c e  
need,  r e s o u r c e  a l l o c a t i o n ,  and r e s o u r c e  s u p p l y .  
T h i s  p a p e r  c o n s i d e r s  a  se t  o f  methods f o r  t h e  p l a n n i n g  and 
m o n i t o r i n g  o f  emergency medica l  s e r v i c e s  i n  l a r g e  c i t i e s  and f o r  
t h e  a l l o c a t i o n  o f  r e s o u r c e s  -- v e h i c l e s ,  manpower,and equip-  
ment -- t o  f a c i l i t i e s  i n  t h e  sys tem from a g e o m e t r i c a l  view- 
p o i n t .  The premise  f o r  t h e  approach t a k e n  i s  t h a t  v a r i a t i o n s  
i n  wea the r  and t r a f f i c  c o n d i t i o n s ,  t h e  g e n e r a l  complex i ty  o f  
t h e  r o a d  sys tems i n  c i t i e s ,  and t h e  r i s k  o f  a c c i d e n t s  o c c u r r i n g  
pose r e a l  problems f o r  a u t h o r i t i e s  who s e e k  t o  p r o v i d e  a  con- 
s i s t e n t  and e f f i c i e n t  s e r v i c e  t o  t h e  g e n e r a l  p u b l i c ,  b u t  who 
f i n d  t r a d i t i o n a l  a n a l y t i c  methods o f  d e a l i n g  w i t h  t h e s e  problems 
d e f i c i e n t .  
R e l a t e d  p u b l i c a t i o n s  i n  t h e  H e a l t h  Care  Systems Task a r e  
l i s t e d  a t  t h e  end o f  t h e  p a p e r .  
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ABSTRACT 
The e n o r m i t y  o f  many c i t i e s  t o d a y  p o s e s  s p e c i a l  p rob lems  
f o r  a u t h o r i t i e s  s u p p l y i n g  emergency m e d i c a l  s e r v i c e s .  The 
s c a l e  o f  t h e  emergency s y s t e m  and  v a r i a t i o n s  i n  t h e  o p e r a t i n g  
c o n d i t i o n s  r u l e  o u t  some o f  t h e  t r a d i t i o n a l  methods d e v e l o p e d  
t o  d e a l  w i t h  t h e  c o m p l e x i t i e s  i n v o l v e d .  I n  c i t i e s  t h e  p r o -  
v i s i o n  o f  s e r v i c e s  i s  a f f e c t e d  n o t  o n l y  by t h e  d a i l y  v a r y i n g  
l o c a t i o n s  o f  t h e  p o p u l a t i o n s  a t  r i s k ,  b u t  a l s o  by  t h e  p r e -  
v a i l i n g  t r a f f i c  and w e a t h e r  c o n d i t i o n s  t h a t  c a n  h i n d e r  am- 
b u l a n c e  a c c e s s  t o  t h e  s i t e  o f  a n  i n c i d e n t  o r  t o  a  t r e a t m e n t  
f a c i l i t y .  The c o n t r o l l i n g  a u t h o r i t i e s  o f  t h e s e  s e r v i c e s  n e v e r -  
t h e l e s s  l i k e  t o  m a i n t a i n  t h e  h i g h e s t  p o s s i b l e  l e v e l s  o f  ser- 
v i c e  g i v e n  t h e  a v a i l a b l e  r e s o u r c e s .  They a r e  i n t e r e s t e d  i n  
knowingwhich  f a c i l i t i e s  t o  open  and  when, wha t  r e s o u r c e s  a n d  
s t a f f i n g  l e v e l s  a r e  r e q u i r e d ,  and  what  t h e  l ong-  a n d  s h o r t -  
t e r m  i m p l i c a t i o n s  of  c h a n g i n g  o p e r a t i n q  c o n d i t i o n s  and  o f  o t h e r  
u n f o r e s e e n  c i r c u m s t a n c e s  a r e  on  o p e r a t i n g  s t a n d a r d s .  T h i s  p a p e r  
p r e s e n t s  r e s e a r c h  i n t o  a  s e t  o f  methods t h a t  a r e  d e s i g n e d  t o  
a s s i s t  i n  f i n d i n g  s o l u t i o n s  t o  t h e s e  p rob lems  o r ,  a t  l e a s t ,  i n  
u n d e r s t a n d i n ?  how t o  d e a l  w i t h  them. The methods a r e  based  on  
t h e  e f f i c i e n c y  o f  movement i n  c i t i e s ,  p a r t i c u l a r l y  t h e  t i m e  i t  
t a k e s  t o  a c c e s s  d i f f e r e n t  l o c a t i o n s  i n  d i f f e r e n t  t r a f f i c  c o n d i -  
t i o n s ,  and  on  t h e  l i k e l i h o o d  o f  i n c i d e n t s  o c c u r r i n g  a t  d i f f e r e n t  
t i m e s  o f  t h e  day .  I n i t i a l  r e s u l t s  a r e  p r e s e n t e d  b a s e d  on t h e  London 
a r e a ,  b u t  t h e  main c o n c l u s i o n s  a r e  t r a n s f e r r a b l e  t o  many o t h e r  
c i t i e s  o f  comparab le  s c a l e .  The d i s t i n g u i s h i n g  f e a t u r e  o f  t h e  
methods i s  t h a t  t h e y  a r e  b a s e d  on a  t y p e  o f  non-Euc l idean  geo- 
m e t r y  t h a t  a r i s e s  f rom t h e  g e n e r a l i z e d  p r o f i l e s  o f  t h e  a v e r a g e  
s p e e d s  o f  t r a f f i c  f l o w  i n  c i t i e s .  
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ON THE GEOMETRY OF EMERGENCY SERVICE 
MEDICAL PROVISION I N  CITIES 
1. I N T R O D U C T I O N  
The e n o r m i t y  o f  many c i t i e s  today  p o s e s  s p e c i a l  problems 
f o r  a u t h o r i t i e s  s u p p l y i n g  emergency medica l  s e r v i c e s .  These 
problems a r e  b e i n g  s t u d i e d  by t h e  H e a l t h  Care  Task a t  IIASA, 
and t h i s  paper  p r e s e n t s  some of  t h e  i n t e r m e d i a t e  r e s u l t s .  
S p e c i f i c a l l y ,  it d e s c r i b e s  t h e  development  and t r i a l  a p p l i c a -  
t i o n  o f  a  body o f  g e o m e t r i c a l  methods f o r  u s e  i n  long-term 
p l a n n i n g  and r o u t i n e  o p e r a t i o n  o f  a c c i d e n t  (A)  and emergency 
( E )  s e r v i c e s  i n  c i t i e s .  Geometry seems w e l l - s u i t e d  t o  a n a l y z e  
such sys tems .  For  example ,  a n  ambulance i s  d i s p a t c h e d  from 
a  d e p o t  ( a  p o i n t )  t o  t h e  s i t e  o f  an  a c c i d e n t  o r  emergency 
( a n o t h e r  p o i n t ) ,  and from t h e r e  t h e  p a t i e n t  i s  t a k e n  t o  a n  
emergency t r e a t m e n t  c e n t r e  ( a  t h i r d  p o i n t ) .  The f u l l  journey 
c y c l e  and i t s  c o n s t i t u e n t  p a r t s  n e e d s  t o  be completed w i t h i n  a  
r e a s o n a b l y  s h o r t  t i m e :  t o  r e a c h  t h e  p a t i e n t ,  t o  g e t  t h e  p a t i e n t  
t o  t h e  h o s p i t a l ,  and t o  f r e e  t h e  ambulance f o r  r e s p o n s e  t o  an- 
o t h e r  c a l l .  
The geometry o f  movement by ambulances i n  c i t i e s  i s  n o t  
t h e  s imple  geometry o f  E u c l i d ,  found i n  s c h o o l  t e x t - b o o k s ,  
where t h e  q u i c k e s t  r o u t e  between two p o i n t s  i s  a  s t r a i g h t  l i n e .  
I t  becomes more compl ica ted  because  o f  t h e  need t o  minimize 
journey t i m e s .  T r a v e l  s p e e d s ,  however, v a r y  between d i f f e r -  
e n t  l o c a t i o n s  due t o  t r a f f i c  c o n g e s t i o n  and d i f f e r e n c e s  i n  
road p a t t e r n s ,  ( R a i t t  1981; Cantwell e t  a l .  1973) .  Thus, t h e  
d i r e c t i o n a l  behavior  of  ambulances w i l l  depend on l o c a l  condi-  
t i o n s  i n  each p a r t  of  t h e  c i t y .  
1 . 1  The Ambulance Ve loc i ty  F i e l d  
I n  t h e  geometry used t o  model t h e  movement of ambulances, 
however, an impor tan t  s i m p l i f i c a t i o n  can be made. That i s ,  
t h e r e  i s  no need t o  pay c l o s e  a t t e n t i o n  t o  t h e  d e t a i l e d  road 
networks i n  t h e  c i t y  and t h e  r o u t e s  t h a t  d r i v e r s  t a k e :  r a t h e r ,  
we a r e  more concerned wi th  f a c t o r s  such a s  t h e  l o c a t i o n  of 
emergency f a c i l i t i e s ,  t h e  range of o p e r a t i o n  and geographica l  
coverage of ambulances, t y p i c a l  journey t imes ,  and t h e  a l l o c a -  
t i o n  of r e sou rces .  I t  s u f f i c e s  t o  base ou r  a n a l y s i s  on l o c a l  
average v e l o c i t i e s  of ambulances, vary ing  a c r o s s  t h e  urban a r e a .  
Functions d e s c r i b i n g  such v e l o c i t y  v a r i a t i o n s  a r e  c a l l e d  v e l o -  
c i t y  fields (Angel and Hyman 1 9 7 6 ) .  
An a l t e r n a t i v e  t o  t h e  use  of v e l o c i t y  f i e l d s  might be 
t o  employ models of  t h e  road networks. However, t h i s  would i m -  
pose f a r  g r e a t e r  d a t a  p rocess ing  requirements  than geomet r ica l  
methods, and could only  be cons idered  worthwhile a t  a  very  
l o c a l  s c a l e  of  enqu i ry .*  
1 . 2  Scope of t h e  Paper 
I n  t h e  nex t  s e c t i o n ,  we d i s c u s s  t h e  geographica l  f a c t o r s  
a f f e c t i n g  t h e  o p e r a t i o n  of a c c i d e n t  and emergency systems i n  
l a r g e  c i t i e s ,  i n t roduce  t h e  i d e a  of t ime s t anda rds  f o r  ambulance 
journeys ,  a n d g i v e  a  c h e c k l i s t  of p r a c t i c a l  problems t o  which 
t h e  methods could be addressed.  
I n  s e c t i o n  3, we p r e s e n t  p re l iminary  maps of ambulance 
journey t imes and show how they can be used t o  i d e n t i f y  
p o s s i b l e  i n e f f i c i e n c i e s  i n  emergency coverage and t o  s p o t  
a r e a s  where coverage appears  t o  be weak. W e  t hen  d i s c u s s  t h e  
*The London r e g i o n ,  f o r  example, has  over 56,000 l i s t e d  roads .  
Even i f  t h e  network were reduced t o  i nc lude  only  t h e  major 
roads ,  t h e  d a t a  requirements  would s t i l l  be very l a r g e  and 
many approximations would be needed. 
c o n s t r u c t i o n  o f  more s o p h i s t i c a t e d  and r e a l i s t i c  g e o m e t r i c a l  
models t o  de t e rmine  ambulance journey t i m e s .  
I n  s e c t i o n  4 ,  t h e  b a s i c  geome t r i c a l  t h e o r y  i s  d e s c r i b e d ,  
w i t h  mathemat ica l  d e t a i l s  be ing  g iven  s e p a r a t e l y  i n  t h e  
append ices .  
I n  s e c t i o n  5 ,  w e  d e s c r i b e  methods f o r  t h e  d e t e r m i n a t i o n  
of  op t ima l  g e o g r a p h i c a l  ar rangements  f o r  f a c i l i t i e s  and app ly  
t h e s e  methods t o  t h e  G r e a t e r  London Counci l  (GLC) a r e a .  
I n  s e c t i o n  6 ,  t h e  c a s e  s t u d y  f o r  G r e a t e r  London i s  
f u r t h e r  developed.  Dens i ty  f u n c t i o n s  a r e  e s t i m a t e d  f o r  p a t i e n t  
c a s e l o a d s  a s  t h e y  va ry  ove r  t h e  urban a r e a .  The r e l a t i o n s h i p  
between t h e  ambulance t r a v e l  t i m e  s t a n d a r d  and t h e  number o f  
f a c i l i t i e s  r e q u i r e d  i s  d e r i v e d ;  t h e  number of  f a c i l i t i e s  
r e q u i r e d  t o  m a i n t a i n  t i m e  s t a n d a r d s  a c r o s s  t h e  c i t y  i s  d e t e r -  
mined; t h e  expec t ed  l e v e l s  o f  p a t i e n t  c a s e l o a d s  a t  i n d i v i d u a l  
f a c i l i t i e s  a r e  g iven ;  and t h e  t y p i c a l  s i z e s  of  p a t i e n t  catchment 
a r e a s  a r e  e v a l u a t e d .  F i n a l l y  methods a r e  d e s c r i b e d  f o r  d e t e r -  
mining t h e  e f f e c t s  of  c l o s i n g  a  s i n g l e  f a c i l i t y  on t i m e  
s t a n d a r d s  and on t h e  p a t i e n t  c a s e l o a d s  o f  nearby f a c i l i t i e s .  
2 .  THE OPERATION OF ACCIDENT AND EMERGENCY SYSTEMS I N  CITIES 
The f u n c t i o n i n g  o f  a c c i d e n t  and emergency s e r v i c e s  i s  
a f f e c t e d  n o t  o n l y  by t h e  p a t i e n t s  r e q u i r i n g  t r e a t m e n t  and t h e  
r e s o u r c e s  a v a i l a b l e  t o  t h e  s e r v i c e ,  b u t  a l s o  by t h e  l e v e l  of  
o p e r a t i n g  s t a n d a r d s  and by e x t e r n a l  c o n d i t i o n s .  W e  s h a l l  
c o n s i d e r  t h e  i m p l i c a t i o n s  o f  t h e  fo l l owing  c r i t e r i o n  f o r  
r e s o u r c e  a l l o c a t i o n .  Th i s  i s  t o  c o n f i g u r e  t r e a t m e n t  f a c i l i t i e s  
g e o g r a p h i c a l l y ,  s o  t h a t  p r a c t i c a l l y  eve ry  l o c a t i o n  o f  an 
a c c i d e n t  i n  a  c i t y  can be expec ted  t o  be s e r v i c e d  by an  
ambulance w i t h i n  an  a c c e p t a b l e  t i m e .  Manpower, v e h i c l e s ,  
medical  equipment,and o t h e r  r e s o u r c e s  a r e  t h e n  t o  be a l l o c a t e d  
t o  e ach  f a c i l i t y  i n  accordance  w i t h  t h e i r  expec ted  p a t i e n t  
c a s e loads .  
The ex p ec t ed  p a t i e n t  c a se load  a t  i n d i v i d u a l  f a c i l i t i e s  
v a r i e s  p r e d i c t a b l y  by t i m e  of  day ,  on weekends,and by t i m e  o f  
y e a r .  These v a r i a t i o n s  a r e  p a r t l y  due t o  t h e  va ry ing  geographi-  
c a l  l o c a t i o n s  o f  t h e  p o p u l a t i o n s  a t  r i s k  ( e . g .  commuters, 
shoppers ,  s c h o o l c h i l d r e n ) ,  b u t  more i m p o r t a n t l y  t o  t h e  va ry ing  
r i s k  o f  a c c i d e n t s  o c c u r r i n g .  F i g u r e  1 ,  reproduced from 
Anderson (1978) shows t h e  average  d a i l y  v a r i a t i o n  i n  emergency 
c a l l s .  I t  can  be s een  t h a t  du r ing  t h e  p e r i o d  2 :30  am. t o  6 : 3 0  am. 
t h e  number o f  c a l l s  seems t o  be about  one t h i r d  t h e  average  l e v e l  
o v e r  2 4  h o u r s .  C l e a r l y , s u c h  v a r i a t i o n s  need t o  be r ecogn i zed  
i n  t h e  a l l o c a t i o n  and s chedu l i ng  o f  t h e  r e s o u r c e s  a v a i l a b l e  
a t  i n d i v i d u a l  emergency f a c i l i t i e s .  
During t h e  c o u r s e  of t h e  day n o t  o n l y  does  t h e  r i s k  of  
a c c i d e n t s  v a r v  . A b u t  a l s o  t h e  t i m e  i t  t a k e s  ambulance d r i v e r s  
t o  r e a ch  a  p a t i e n t  and d e l i v e r  him t o  a  t r e a t m e n t  f a c i l i t y  
v a r i e s ,  due t o  changes i n  p r e v a i l i n g  t r a f f i c  c o n d i t i o n s .  These 
f a c t o r s  a f f e c t  t h e  numbers o f  f a c i l i t i e s  t h a t  need t o  be open 
i n  o r d e r  t o  m e e t  t r a v e l  t i m e  s t a n d a r d s  and t h e  numbers of  
ambulances and d r i v e r s  t h a t  need t o  be a v a i l a b l e .  Unforeseen 
s h o r t a g e s  o f  s t a f f  and equipment f u r t h e r  a f f e c t  t h e  d a i l y  
o p e r a t i o n  of  t h e  emergency s e r v i c e ,  which shou ld  be s u f f i c i e n t l y  
f l e x i b l e  t o  cope w i t h  t h e s e  c o n t i n g e n c i e s  a s  w e l l .  
2 . 1  Ambulance T r a v e l  T i m e  Standa rds  
~ e s p i t e  t h e  problems o f  va ry ing  o p e r a t i n g  c o n d i t i o n s ,  
t h e  c o n t r o l l i n g  o f f i c e r s  o f  we l l -o rgan ized  emergency s e r v i c e s  
w i l l  u s u a l l y  have a  se t  of s t a n d a r d s  t h a t  t hey  would l i k e  t o  
m a i n t a in  (e.g., see Groom, 1 9 7 5 )  . A t y p i c a l  form of  such s t a n d a r d s  
would be t h e  t i m es  t h a t  ambulances t a k e  t o  respond t o  emergency 
c a l l s  and d e l i v e r  t h e  p a t i e n t s  t o  s u i t a b l e  nearby p l a c e s  of  t r e a t -  
ment. The d e t e r m i n a t i o n  o f  t h e  t r e a t m e n t  f a c i l i t y  i s  g e n e r a l l y  
up t o  t h e  ambulance d r i v e r s ,  b u t  it would u s u a l l y  be t h e  n e a r e s t  
f a c i l i t y ,  due c o n s i d e r a t i o n  b e i n g  g iven  t o  t r a f f i c  c o n d i t i o n s  
and o t h e r  f a c t o r s .  Rigorous  t ime  s t a n d a r d s  may n o t  be imposed 
i n  a l l  c a s e s , a n d  medica l  p r i o r i t i e s  may be a p p l i e d  when 
r e s o u r c e s  a r e  s t r e t c h e d .  N e v e r t h e l e s s ,  it would s t i l l  be 

expected t h a t  a  s u b s t a n t i a l  p ropor t ion  of a l l  emergency c a s e s  
would r e c e i v e  t r ea tmen t  w i th in  s u i t a b l e  t imes ,  r e l a t e d  t o  t h e  
exper ience gained i n  o p e r a t i n g  t h e  s e r v i c e .  
2 . 2  A C h e c k l i s t  of Problems f o r  Study 
I n  o r d e r  t o  a i d  t h e  d i s c u s s i o n ,  it i s  u s e f u l  t o  s t a r t  
wi th  a  c h e c k l i s t  of problems t h a t  t h e  proposed techniques  
might be adapted t o  s o l v e  i n  p r a c t i c a l  s i t u a t i o n s .  These 
problems can be c l a s s e d  according t o  t h e i r  s i g n i f i c a n c e  i n  t h e  
long-term p lanning  of A and E s e r v i c e s ,  and t o  t h e i r  day-to-day 
ope ra t ion  and moni tor ing a p p l i c a t i o n s .  The problems posed a r e :  
1 .  To determine t h e  app rop r i a t e  s u b s e t  of f a c i l i t i e s  
t h a t  w i l l  enab le  an imposed s e t  of s t anda rds  t o  
be achieved everywhere i n  a  c i t y  f o r  a  g iven s e t  
of o p e r a t i n g  c o n d i t i o n s ,  t ak ing  i n t o  account s i z e  
l i m i t a t i o n s  a t  each f a c i l i t y  ( long-range p lanning)  
2 .  To determine t h e  l o c a l  e f f e c t s  on ca se loads  and 
s t a n d a r d s  of  adding o r  s u b t r a c t i n g  p a r t i c u l a r  
f a c i l i t i e s  from t h e  s e t  of f a c i l i t i e s  and t o  l i n k  
such e f f e c t s  t o  s t a f f  a v a i l a b i l i t y  (day-to-day 
o p e r a t i o n s  and contingency p lanning)  
3 .  To determine whether s e r v i c e s  a r e  adequate  t o  d e a l  
wi th  major i n c i d e n t s  such a s  f i r e s ,  p l a n e , o r  t r a i n  
c r a s h e s  ( long-range and contingency p lanning)  
4 .  To under take t h e  r o u t i n e  monitoring of t h e  system 
i n  a  command and c o n t r o l  environment t o  check t h a t  
s t a n d a r d s  a r e  being maintained and t h a t  t h e r e  a r e  
s u f f i c i e n t  r e sou rces  a v a i l a b l e  i n  each l o c a t i o n  
(day-to-day o p e r a t i o n s )  
5. To determine optimum c o n f i g u r a t i o n s  of f a c i l i t i e s  
a t  g iven  s t anda rds  t o  provide benchmarks f o r  
e v a l u a t i n g  t h e  o v e r a l l  e f f i c i e n c y  of e x i s t i n g  
f a c i l i t y  d i s t r i b u t i o n s  
6 .  To make recommendations on t h e  approximate number of 
d r i v e r s ,  ambulances, doc tors rand  nurses  needed on 
duty a t  each f a c i l i t y  under d i f f e r e n t  o p e r a t i n g  
c o n d i t i o n s  and s t anda rds  by day and n i g h t  ( long- 
range p lanning)  
One important  sou rce  of in format ion  f o r  he lp ing  t o  r e s o l v e  
such problems a r e  t h e  r e t u r n s  f i l e d  by ambulance d r i v e r s .  
These c o n t a i n  d a t a  on  ambulance journey t i m e s  and have  p r e v i o u s l y  
been used i n  t h e  a n a l y s i s  of  t h e  o p e r a t i o n  of  t h e  London 
Ambulance S e r v i c e  (Anderson 1 9 7 8 )  . 
3 .  AMBULANCE TRAVEL TIMES AND ISOCHRONE MAPS 
Impor tan t  g r a p h i c a l  a i d s  t o  d e c i s i o n  making a r e  p rov ided  
by maps based on ambulance t r a v e l  t i m e s .  From such maps 
many i n f e r e n c e s  r e l a t i n g  t o  t h e  problems i n  t h e  c h e c k l i s t  can  
be made (see a l s o  s e c t i o n  6 ) .  F i r s t ,  it i s  n e c e s s a r y  t o  d e f i n e  
an  i s o c h r o n e :  t h e  l o c u s  o f  p o i n t s  t h a t  ean  j u s t  be  reached  
i n  a  g i v e n  t i m e  from a  s p e c i f i e d  p o i n t .  Such p o i n t s  may be  
ambulance d e p o t s  o r  t r e a t m e n t  f a c i l i t i e s .  I f  t h i s  t i m e  i s  
a n  o p e r a t i n g  s t a n d a r d ,  t h e n  c l e a r l y  a l l  p o i n t s  w i t h i n  an  
i s o c h r o n e  can  b e  reached  w i t h i n  t h i s  s t a n d a r d .  Converse ly ,  
p o i n t s  o u t s i d e  such an  i s o c h r o n e  c a n n o t  be  r e a c h e d  w i t h i n  
t h e  o p e r a t i n g  s t a n d a r d .  
3 . 1  The Geograph ica l  Coverage o f  Emergency F a c i l i t i e s  
The r i n g s  o f  i s o c h r o n e s  show a  p o t e n t i a l  o b s e r v e r  t h e  
d e g r e e  o f  g e o g r a p h i c a l  coverage  o b t a i n e d  w i t h  a  set  o f  f a c i l i -  
t i e s  and a  p a r t i c u l a r  t i m e  s t a n d a r d .  Where two i s o c h r o n e s  
o v e r l a p ,  t h e r e  i s  a  d u p l i c a t i o n  o f  coverage  of  t h e  e n c l o s e d  
a r e a ;  where t h e r e  i s  no e n c l o s i n g  i s o c h r o n e  t h e  a r e a  i s  n o t  
covered  w i t h i n  t h e  o p e r a t i n g  s t a n d a r d .  Thus, a n  o b s e r v e r  can  
e a s i l y  d e t e c t  a r e a s  where t h e r e  c o u l d  be  unnecessa ry  d u p l i c a -  
t i o n s  of  s e r v i c e s  a s  w e l l  a s  l o c a t i o n s  t h a t  c a n n o t  b e  s e r v e d  
w i t h i n  s p e c i f i e d  t i m e  s t a n d a r d s .  
I n  F i g u r e  2 w e  p r e s e n t  f o u r  computer-drawn maps of t h e  
G r e a t e r  London Counc i l  (GLC)  r e g i o n ,  w i t h  s e l e c t i o n s  of  t h e  
p r i n c i p a l  emergency t r e a t m e n t  f a c i l i t i e s  p l o t t e d . *  Around each  
* ~ a c i l i t i e s  a r e  p l o t t e d  o n l y  i f  t h e y  a r e  n o t  l o c a t e d  w i t h i n  t h e  
i s o c h r o n e s  o f  n e i g h b o r i n g  f a c i l i t i e s  ( a l g o r i t h m  a v a i l a b l e ) .  
The method p r o v i d e s  a  g e n e r a l  i n d i c a t i o n  of t h e  optimum numbers 
needed ,bu t  not e x a c t l y  which ones .  


f a c i l i t y  i s  drawn a n  i s o c h r o n e  f o r  a  10-minute t r a v e l  t i m e  i n -  
t e r v a l .  A v e l o c i t y  f i e l d  h a s  been used t o  c r e a t e  t h e s e  maps 
i n  which V ,  t h e  a v e r a g e  v e l o c i t y ,  i s  presumed t o  i n c r e a s e  wi th  
t h e  power p  o f  t h e  d i s t a n c e  r from t h e  c i t y  c e n t r e .  That  i s ,  
I n  t h i s  e q u a t i o n ,  t h e  v e l o c i t y  i s  l o w e s t  n e a r  t h e  c i t y  c e n t r e  
t o  t a k e  accoun t  of  t h e  h i g h e r  t r a f f i c  c o n g e s t i o n  normal ly  
found t h e r e .  Th i s  i s  why, i n  each  c a s e ,  t h e  c e n t r a l  i s o c h r o n e s  
e n c l o s e  s m a l l e r  a r e a s  t h a n  t h e  p e r i p h e r a l  ones .  ( F o r  t e c h n i -  
c a l  d e t a i l s  of  t h e  d e r i v a t i o n  o f  i s o c h r o n e s  see mathemat ica l  
n o t e  1 . 0  o f  t h e  Appendix.) The pa ramete r s  w and p i n  e q u a t i o n  
( 1 )  a r e  t h e  c o n t r o l s  i n  t h e  model t h a t  a r e  used  t o  s i m u l a t e  t h e  
background o p e r a t i n g  c o n d i t i o n s .  They a r e  r e s p o n s i b l e  f o r  t h e  
s u b s t a n t i a l  d i f f e r e n c e s  i n  coverage observed i n  t h e  f o u r  examples ,  
d e s p i t e  t h e  same v a l u e  f o r  t h e  t i m e  i n t e r v a l ,  A ,  i n  each  c a s e .  
The form o f  t h e  v e l o c i t y  f i e l d  a l s o  i n f l u e n c e s  t h e  shape 
o f  t h e  i s o c h r o n e s .  I n  t h e  c a s e s  c o n s i d e r e d  h e r e ,  t h e y  a r e  
mos t ly  o f f - c e n t r e d  c i r c l e s ,  f l a t t e n e d  on t h e  s i d e  n e a r e s t  t h e  
c i t y  c e n t r e  (see Mayhew, 1 9 8 1 ) .  O c c a s i o n a l l y ,  because  o f  t h e  
s t e e p  d e c l i n e  i n  v e l o c i t y  i n  t h e  l o c a l i t y  o f  t h e  c i t y  c e n t r e ,  
t h e  i s o c h r o n e s  i n  t h i s  model w i l l  be d i s t o r t e d  i n t o  o t h e r  s h a p e s .  
3.2.  F i r s t  E s t i m a t e s  o f  t h e  Numbers of  F a c i l i t i e s  Required 
% F i g u r e  2 ( b )  , w i t h  V=lOrJi, and F i g u r e  2 ( c )  , w i t h  V=5r , 
a r e  b o t h  f a i r l y  c l o s e  t o  more r e c e n t  e s t i m a t e s  o f  t h e  ambulance 
v e l o c i t y  f i e l d  f o r  London. They i n d i c a t e  t h a t  t h e r e  a r e  more 
t h a n  s u f f i c i e n t  t r e a t m e n t  f a c i l i t i e s  t o  g i v e  a  r e a s o n a b l e  l e v e l  
o f  coverage  w i t h i n  t h e  ten-minute  s t a n d a r d  b u t  s u g g e s t  t h a t  
p a t c h e s  of  poor  p r o v i s i o n  c o u l d  e x i s t  i n  p a r t s  o f  s o u t h  and 
e a s t  London. I n  F i g u r e  2 ( c ) ,  t h e r e  a r e  66 f a c i l i t i e s ;  from 
1976 d a t a ,  however,  89 f a c i l i t i e s  i n ,  and around t h e  edge o f ,  
t h e  s t u d y  r e g i o n  t r e a t e d  more than  1000 new c a s e s ,  w h i l e  111 
r e p o r t e d  some s o r t  o f  a c t i v i t y .  I t  would be  e x p e c t e d  t h a t  
some f a c i l i t i e s  be h e l d  i n  r e s e r v e  f o r  u s e  i n  a d v e r s e  opera-  
t i n g  c o n d i t i o n s  o r  f o r  t h e  s c h e d u l i n g  o f  d i f f e r e n t  opening h o u r s ,  
a l t h o u g h  w e  have n o t  touched on t h i i p r o b l e m  s o  f a r .  I n  sec -  
t i o n s  5.4 and 6 . 3 ,  where t h e  more r e c e n t  e s t i m a t e s  o f  t h e  ve- 
l o c i t y  f i e l d  a r e  u s e d ,  it i s  i n d i c a t e d  t h a t  77 f a c i l i t i e s ,  
o p t i m a l l y  l o c a t e d ,  would be  needed d u r i n g  t h e  day t ime  and 
50 a t  n i g h t ,  when t h e r e  i s  h a r d l y  any r o a d  c o n g e s t i o n .  In -  
t e r e s t i n g l y ,  t h e r e  a r e  j u s t  77 ambulance d e p o t s  i n  c u r r e n t  
o p e r a t i o n ,  many less t h a n  t h e  number o f  t r e a t m e n t  f a c i l i t i e s .  
4 .  THE GEOMETRICAL THEORY 
I n  t h i s  s e c t i o n  t h e  g e n e r a l  g e o m e t r i c a l  t h e o r y  behind t h e  
approach i s  developed.  (Readers  i n t e r e s t e d  o n l y  i n  t h e  a p p l i -  
c a t i o n  t o  emergency s e r v i c e s  can  t u r n  t o  s e c t i o n  6 . )  The t h e -  
o r y  i s  based  on t h e  work by Angel and Hyman (1976) and Mayhew 
(1979, 1 9 8 1 ) .  To i n t r o d u c e  it ,  we s t a r t  w i t h  t h e  problem o f  
d e t e r m i n i n g  journey t i m e s  between p o i n t s  i n  a  c i t y .  To each  
p o i n t  i s  a s s i g n e d  a  v e l o c i t y  t h a t  i s  independen t  o f  d i r e c t i o n  
and v a r i e s  c o n t i n u o u s l y  from one p o i n t  t o  a n o t h e r .  The t r a v e l  
t i m e  X on any p a t h  between t h e  p o i n t s  A and B i s  
W e  s e e k  t h e  s m a l l e s t  v a l u e  of  t h i s  i n t e g r a l ,  and hence t h e  
q u i c k e s t  journey  t i m e .  T h i s  i s  a  problem i n  t h e  c a l c u l u s  of 
v a r i a t i o n s * , a n d  it g i v e s  rise t o  a  f u n c t i o n  A of  t h e  form, 
where xAyA and xByB a r e  t h e  c o o r d i n a t e s  o f  A and B and where 
a  l l - - . f a n  a r e  t h e  p a r a m e t e r s  of V ( x , y ) ,  t h e  v e l o c i t y  f i e l d .  
If X B , Y B  a r e  a l lowed  t o  v a r y  w h i l e  t h e  remain ing  t e r m s  a r e  
h e l d  c o n s t a n t ,  e q u a t i o n  ( 3 )  d e s c r i b e s  an  i s o c h r o n e  around t h e  
* In  f a c t  t h e  problem b e i n g  c o n s i d e r e d  i s  c l o s e l y  r e l a t e d  t o  
t h e  famous b r a c h i s t o c h r o n e  problem ( B p a x ~ o r o <  = s h o r t e s t ,  
x p 6 u o ~  = t i m e ) ,  s o l v e d  i n  t h e  l a t e  17 th  c e n t u r y ,  which gave 
r i s e  t o  t h e  b a s i c  t e c h n i q u e s  i n  t h i s  f i e l d .  Koo (1977,  
p .  172) g i v e s  a  s h o r t  accoun t  o f  t h i s .  
p o i n t  (xA,yA) .  By cons ide r ing  A a s  t h e  l o c a t i o n  of t h e  f a c i l -  
i t y ,  X a s  t h e  t ime s t a n d a r d ,  t h e  i sochrone  around t h e  f a c i l i t y  
can be mapped. Empi r i ca l ly ,  it i s  necessary  t o  parameter ize  
t h e  func t ion  V(x ,y )  under varying ope ra t ing  c o n d i t i o n s  by 
determining t h e  va lues  of a , , . . , a , .  While rough e s t i m a t e s  
could be ob ta ined  from g e n e r a l  t r a f f i c  survey d a t a , i t  i s  b e t t e r  
t o  u se  d a t a  on t h e  a c t u a l  journeys r epo r t ed  r o u t i n e l y  by t h e  
ambulance d r i v e r s .  These may then be d i saggrega ted  i n t o  d i f f e r -  
e n t  t imes of t h e  day o r  yea r  a s  d e s i r e d .  
4 . 1  The C i t y  P a t t e r n  
The cho ice  of v e l o c i t y  f i e l d  w i l l  depend on t h e  geographica l  
c h a r a c t e r i s t i c s  of t h e  c i t y  and i t s  p a t t e r n  of major roads .  
Here we g ive  i l l u s t r a t i o n s  based on two major c i t y  p a t t e r n s :  
r a d i a l  and l i n e a r .  The f i r s t  c o n s i s t s  of c i t i e s ,  w i th  a  dominant 
c e n t r a l  focus  l i k e  a  bus ines s  d i s t r i c t ,  t h a t  r a d i a t e  outwards 
i n  a l l  d i r e c t i o n s .  Examples i n  t h i s  c l a s s  b e s i d e s  London could 
poss ib ly  i nc lude  P a r i s ,  Vienna, Rome, Budapest,  Warsaw,and Moscow. 
The second and sma l l e r  c l a s s  of c i t y  i s  t h e  t ype  t h a t  develops  
l i n e a r l y ,  i n s t e a d  of  r a d i a l l y ,  a long a  highway, r i v e r ,  e s t u a r y ,  
o r  c o a s t l i n e .  Examples of such c i t i e s  might be New York, 
M a r s e i l l e s ,  and Brighton and Plerseyside (England) . 
A p a r t i c u l a r l y  good example i s  t h e  c i t y  of Genoa, an 
impor tan t ,  l a r g e  p o r t  i n  Northern I t a l y .  Po in t s  eas t -wes t  
a long t h e  c o a s t  i n  Genoa a r e  connected by a  modern highway, 
b u t  i n l and  acces s  i s  g r e a t l y  r e s t r i c t e d  by a  patchwork of 
narrow, t w i s t i n g  s t r e e t s  and a l l e y s  t h a t  g radua l ly  merge i n t o  
t h e  mountains, which r i s e  d i r e c t l y  behind t h e  c i t y .  
The d i s t i n c t i o n  between l i n e a r  and r a d i a l  c i t i e s  i s ,  
however, t o  some e x t e n t  a r t i f i c i a l .  Most c i t i e s  c o n t a i n  
a s p e c t s  of  both:  t h u s ,  New York and M a r s e i l l e s  a l s o  have 
s t r o n g l y  developed f o c a l  bus iness  d i s t r i c t s  and some r a d i a t i n g  
suburbs .  I n  p r a c t i c e ,  t h e r e f o r e ,  more d e t a i l e d  p r i o r  d a t a  
a n a l y s i s  w i l l  be r equ i r ed  be fo re  dec id ing  on t h e  a p p r o p r i a t e  
way t o  model a  p a r t i c u l a r  c a s e .  This  w i l l  o f t e n  r e q u i r e  t h a t  
d i f f e r e n t  s e c t i o n s  of s imple  l o c a l  v e l o c i t y  p a t t e r n s  a r e  com- 
bined t o  g ive  t h e  degree  of  accuracy d e s i r e d .  
4.2 R a d i a l l y  Symmetr ic  C i t i e s  
I f  v e l o c i t i e s  i n  a  c i t y  a r e  f u n c t i o n s  o f  t h e  r a d i u s  r ,  
t h e  d i s t a n c e  f rom t h e  c e n t r e ,  t h e  c i t y  i s  s a i d  t o  b e  radially 
symmetric. For  t h e s e  c a s e s ,  t h e r e  e x i s t  s e v e r a l  c l a s s e s  o f  
a n a l y t i c  forms  f o r  t h e  e q u a t i o n s  o f  i s o c h r o n e s .  These  forms 
have  been  found h e l p f u l  and  r e a l i s t i c  i n  b u i l d i n g  a  v e l o c i t y  
f i e l d  f o r  London, t h e  c i t y  s t u d i e d  l a t e r  i n  t h e  p a p e r .  
4 .3  T i m e  S u r f a c e s  
A time surface c a n  b e  imagined  a s  a  p o r t i o n  o f  t h e  p h y s i -  
c a l  s u r f a c e  o f  t h e  c i t y  t h a t  h a s  been  t r a n s f o r m e d  i n t o  a n o t h e r  
s u r f a c e  on which s h o r t e s t  p a t h s  ( g e o d e s i c s )  c o r r e s p o n d  t o  q u i c k -  
e s t  p a t h s  i n  t h e  c i t y .  Four examples  o f  such  s u r f a c e s  a r e  t h e  
p l a n e ,  c y l i n d e r ,  cone  a n d  s p h e r e .  I t  i s  shown i n  Angel and  
Hyman (1976)  and  i n  t h e  Appendix m a t h e m a t i c a l  n o t e  1.0 t h a t  t h e s e  
s u r f a c e s  c o r r e s p o n d  r e s p e c t i v e l y  t o  t h e  f o l l o w i n g  f o u r  f i e l d s :  
P l a n e :  V ( r )  = c o n s t a n t  
C y l i n d e r :  V ( r )  = w r  
Cone : V ( r )  = w r  P  ( 0  < p  < 1 )  
S p h e r e  : V ( r )  = a r 2  + b  
I n  t h e s e  e q u a t i o n s ,  1 1 1 ,  p ,  b  and  a  d e n o t e  f i x e d  p a r a m e t e r s .  
F i g u r e  3  shows how s h o r t e s t  p a t h s  on t h e  t i m e  s u r f a c e  a r e  
t r a n s f o r m e d  i n t o  q u i c k e s t  p a t h s ,  f o r  a  p o i n t  s o u t h  o f  t h e  
c i t y  c e n t r e ,  i n  t h e  c a s e s  o f  t h e  v e l o c i t y  f i e l d s  d e s c r i b e d  
by e q u a t i o n s  (4 )  and (5). Fo r  e q u a t i o n  ( 4 1 , s t r a i g h t  l i n e s  on t h e  
t i m e  s u r f a c e ,  a  p l a n e ,  a r e  s i m p l y  t r a n s f o r m e d  i n t o  s t r a i g h t  
l i n e s  i n  t h e  c i t y  ( F i g u r e  3 a ) .  The geometry o f  t h e  t i m e  
s u r f a c e  i s  p u r e l y  E u c l i d e a n ,  and  t h e  q u i c k e s t  t i m e s  a r e  p ro -  
p o r t i o n a l  t o  s t r a i g h t  l i n e  d i s t a n c e s .  
For  e q u a t i o n  ( 5 ) , s h o r t e s t  p a t h s  on t h e  s u r f a c e  o f  t h e  
c y l i n d e r  between two,  n o n - c e n t r a l l y  l o c a t e d  p o i n t s  a r e  t r a n s -  
formed i n t o  c u r v e s  t h a t  s p i r a l  a round  t h e  c i t y  c e n t r e  (Figure3b) 
t o  minimize t h e  d e l a y s  caused by t r a f f i c  c o n g e s t i o n .  T h e  
e q u a t i o n s  o f  t h e  p a t h s  and journey t i m e s  a r e  d e r i v e d  i n  mathe- 
m a t i c a l  n o t e  1 . 4 .  
4 . 4  L i n e a r  C i t i e s  
T i m e  s u r f a c e s  have n o t  y e t  been c o n s t r u c t e d  i n  t h e  c a s e  of  
. . 
l i n e a r  c i t i e s .  However,simple a n a l y t i c  s o l u t i o n s  can  be  
o b t a i n e d  f o r  t h e  f o l l o w i n g  two c a s e s  
L i n e a r :  V(x)  = a  - bx 
-bx E x p o n e n t i a l :  V ( x )  = a e  
by u s i n g  v a r i a t i o n a l  t e c h n i q u e s  t o  s o l v e  t h e  m i n i m i z a t i o n  
problem i n  e q u a t i o n  2 ( s e e  a l s o  mathemat ica l  n o t e  2 . 0 ) .  The 
p a r a m e t e r s  i n  t h e s e  models a r e  a  and b .  
F i g u r e  4a shows t h e  l i n e a r  v e l o c i t y  p r o f i l e  ( e q u a t i o n  8 )  
o f  a h y p o t h e t i c a l  c o a s t a l  c i t y .  The c o a s t  r u n s  from wes t  t o  
e a s t  a l o n g  t h e  y - a x i s .  On t h i s  a x i s  v e l o c i t i e s  are a  maximum, 
c o r r e s p o n d i n g  t o  V = a . *  To t h e  n o r t h ,  i n l a n d  a l o n g  t h e  x - a x i s ,  
v e l o c i t i e s  d e c r e a s e  l i n e a r l y  w i t h  d i s t a n c e  from t h e  c o a s t .  A t  
x=a/b, t h e  v e l o c i t y  i s  z e r o  (see F i g u r e  4 b ) .  ~ u i c k e s t  p a t h s  be- 
tween nearby p o i n t s  can  be  c o n s t r u c t e d  w i t h  a r u l e r  and compass 
as f o l l o w s .  F i r s t  c o n s t r u c t  t h e  p e r p e n d i c u l a r  b i s e c t o r  between 
t h e  d e s i r e d  o r i g i n  A and d e s t i n a t i o n  B.  The i n t e r s e c t i o n  w i t h  
t h e  l i n e  x  = a /b  (where V = 0 )  i s  t h e  c e n t r e  o f  a c i r c l e  t h a t  
p a s s e s  th rough  t h e  two p o i n t s .  T h i s  c i r c l e  i s  t h e  r e q u i r e d  
q u i c k e s t  p a t h .  For d i s t a n t  p o i n t s ,  t h e  c i r c u l a r  a r c s  meet t h e  
c o a s t  and c o n t i n u e  smoothly a l o n g  i t ,  3s s e e n  i n  t h e  diagram. 
The i s o c h r o n e s  f o r  t h i s  f i e l d  a r e  a l s o  e a s i l y  c o n s t r u c t e d  (see 
mathemat ica l  n o t e  2 . 0 ) .  
* 
To t h e  s o u t h  t h e  s e a  p roduces  a  d i s c o n t i n u i t y  i n  t h e  v e l o c i t y  
f i e l d .  

( a )  A t h r e e - d i m e n s i o n a l  p r o f i l e  o f  a  l i n e a r  v e l o c i t y  
f i e l d ,  V = a-bx.  The y - a x i s  r e p r e s e n t s  t h e  c o a s t l i n e .  
( b )  Q u i c k e s t  p a t h s  bend i n  t h e  d i r e c t i o n  o f  t h e  c o a s t ,  
which i s  s e r v e d  by a  f a s t - a c c e s s  highway.  P a t h s  
l i k e  CD j o i n  smoo th ly  o n t o  t h i s  highway,  and  t h e n  
l e a v e  it smoo th ly .  
F i g u r e  4 .  A h y p o t h e t i c a l  l i n e a r  c i t y .  
4.5 S e g m e n t a t i o n  o f  t h e  Ambulance V e l o c i t y  F i e l d  
More g e n e r a l  examples  o f  v e l o c i t y  f i e l d s  combine s e c t i o n s  
o f  d i f f e r e n t  f i e l d s  when one a l o n e  c a n n o t  p r o v i d e  a n  a d e q u a t e  
d e s c r i p t i o n  o f  t h e  v e l o c i t i e s  o f  t r a v e l  i n  t h e  whole  c i t y .  A 
c o n d i t i o n  f o r  p a t h s  c r o s s i n g  two g l u e d  s e c t i o n s  h a s  been  d i s -  
' c u s s e d  by Z i t r o n  (1974) and Braake  and  Z i t r o n  (1980). They r e q u i r e d  
t h a t  t h e  g r a d i e n t s  o f  t h e  p a t h s  b e  e q u a l  a t  t h e  p o i n t  o f  c o n t a c t .  
T h i s  c a n  be  r e l a t e d  t o  t h e  more g e n e r a l  Wei r s t r a s s -Erdman  c o n d i t i o n  
(Ffadley and kemp 1971:40). F i g u r e  5  shows a n  example o f  a c a n d i d a t e  
q u i c k e s t  p a t h  f o r  a  r a d i a l l y  symmetr ic  c i t y  i n  which  v e l o c i t i e s  
o u t  t o  d i s t a n c e  R f rom t h e  c e n t r e  a r e  c o n s t a n t  ( V = V o ) ;  t h e r e a f t e r ,  
I 
t h e y  i n c r e a s e  l i n e a r l y  a c c o r d i n g  t o  V=or,  such  t h a t  a t  R,VO=wR. 
Tllrough t h e  c e n t r a l  s e c t i o n , t h e  p a t h  i s  a  s t r a i g h t  l i n e  AB. These  
p o i n t s  a r e  j o i n e d  smoo th ly  by  p a t h s  i n  t h e  o u t e r  s e c t i o n ,  which 
a r e  s e c t i o n s  o f  l o g a r i t h m i c  s p i r a l s  (CA and  BD). 
F i g u r e  5 .  A r a d i a l  c i t y  i n  which V=V ( O < r < R )  and t h e r e a f t e r  i n -  0 - 
c r e a s e s  a c c o r d i n q  t o  V=or. The d i aq ram shows a  p o s s i b l e  
q u i c k e s t  p a t h  CD a c r o s s  t h e  c i t y  ( a d p a t e d  f rom Z i t r o n ,  
1974) . 
4.6 Geograph ica l  O b s t a c l e s  t o  Ambulance T r a v e l  
Apar t  from t h e  c a s e  o f  c o a s t a l  c i t i e s ,  d i s c o n t i n u o u s  
v e l o c i t y  f i e l d s  a l s o  o c c u r  when t h e r e  a r e  o b s t a c l e s  t o  t r a v e l  
t h a t  must be avo ided .  Here, t h r e e  t y p e s  o f  o b s t a c l e s  a r e  i n v e s -  
t i g a t e d :  (i) l i n e  b a r r i e r s ,  such a s  r i v e r s ;  (ii) open e x p a n s e s ,  
such a s  p a r k s ,  w a t e r  r e s e r v o i r s ,  a i r p o r t s ,  and i n d u s t r i a l  a r e a s ;  
and (iii) l i n e a r  o b s t r u c t i o n s  such a s  r a i l w a y  l i n e s .  
The d i f f e r e n c e  between t h e  f i r s t  and t h e  t h i r d  t y p e  o f  
b a r r i e r  a r i s e s  from t h e  d e n s i t y  of  c r o s s i n g  p o i n t s .  I f  t h e r e  
a r e  s u f f i c i e n t  b r i d g e s ,  t h e n  t h e  e f f e c t  might  be  r e p r e s e n t e d  
by a c o n t i n u o u s  r e d u c t i o n  i n  l o c a l  v e l o c i t i e s  a s  t h e  o b s t r u c -  
t i o n  i s  approached.  
F i g u r e  6 ,  f o r  example,  shows two l i n e a r  f i e l d s  g l u e d  
s i d e  by s i d e  on t o  a  t h i n  s t r i p  o f  c o n s t a n t  v e l o c i t y  r e p r e s e n t -  
i n g  a  t y p e  (iii) l i n e a r  o b s t r u c t i o n .  P a t h s  such  a s  AB a r e  
t h e n  g e n e r a t e d  c o n s i s t i n g  o f  two c i r c u l a r  a r c s ,  mee t ing  a l o n g  
a  common t a n g e n t .  A comple te  t r e a t m e n t  o f  t h i s  example 
i n d i c a t e s  p o s s i b l e  b i f u r c a t i o n s  of  r o u t e s , s o  t h a t  two optimum 
p a t h s  can  e x i s t  between two p o i n t s .  These p a t h s  m e e t  a l o n g  
a  l i n e ,  forming c u s p s  i n  t h e  p a t t e r n  o f  q u i c k e s t  p a t h s .  Th i s  
p a t t e r n  i s  shown i n  F i g u r e  7 ,  i n  which t h e  c o n s t a n t  s t r i p  
h a s  been shrunk t o  have a n  i n f i n i t e s i m a l  wid th .  
I n  c o n t r a s t  t o  t h i s  example, F i g u r e s  8  and 9  show two 
c a s e s  o f  t h e  f i r s t  two t y p e s  o f  b a r r i e r s ,  a  r i v e r  and a n  open 
expanse ,  i n  which p a t h  d i s c o n t i n u i t i e s  a r e  s e e n  t o  be  i n e v i t -  
a b l e .  I n  F i g u r e  81tw0 r o u t e s  a r e  shown t o  c r o s s  t h e  r i v e r  
v i a  b r i d g e s  A o r  B. This  c a u s e s  t h e  i s o c h r o n e s  t o  c o n t a i n  
c u s p s  on t h e  o p p o s i t e  bank. P o i n t s  t o  t h e  l e f t  o f  t h e  c u r v e  
j o i n i n g  t h e  c u s p s  a r e  r eached  q u i c k e s t  v i a  t h e  b r i d g e  A. The 
c u r v e  o f  c u s p s  i s  i n  f a c t  an hyperbo la  (mathemat ica l  n o t e  3 . 1 ) .  
For  t h e  open expanse  i n  F i g u r e  9 ,  each  v e r t e x  A , B , C  of  
t h e  o b s t r u c t i o n  i s  t h e  s t a r t i n g  p o i n t  f o r  a  change i n  t h e  
p a t t e r n  of t h e  i s o c h r o n e s  f o r  a r e a s  t h a t  l i e  i n  t h e  shadow 
o f  t h e  o r i g i n ,  0 .  The i s o c h r o n e s  i n t e r s e c t  on t h e  f a r  s i d e  
o f  t h e  b a r r i e r  and a  s i m i l a r  cu rve  of  c u s p s  t o  t h e  b r i d g e  
example i s  g e n e r a t e d .  
( a )  A p r o f i l e  o f  t h e  v e l o c i t y  f i e l d ,  where  t h e  
s t r i p  be tween  x, and x2 r e p r e s e n t s  t h e  ob- 
s t r u c t i o n .  
( b )  A q u i c k e s t  p a t h  be tween  A and  B .  
F i g u r e  6 .  A t y p e  (iii) l i n e a r  o b s t r u c t i o n  s u c h  a s  a 
r a i l w a y  l i n e .  
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F i g u r e  9 .  A t y p e  (ii) o b s t a c l e  ABC: The journey 
o r i g i n  i s  0 .  A c u r v e  o f  c u s p s  th rough  
D d i v i d e s  q u i c k e s t  r o u t e s  a s  i n  F i g u r e  8 .  
5. THE OPTIMUM GEOGRAPHICAL COVERAGE OF FACILITIES 
I t  may be t h e  o b j e c t i v e  of  t h e  o p e r a t i n g  a u t h o r i t y  t o  
l o c a t e  f a c i l i t i e s  s o  t h a t ,  f o r  a  set  of g ive n  c o n d i t i o n s f n o  
d e s t i n a t i o n  i s  g r e a t e r  t ha n  a  f i x e d  t r a v e l  t i m e  s t a n d a r d  from 
a  f a c i l i t y .  The q u e s t i o n  t he n  a r i s e s :  what i s  t h e  minimum 
number o f  f a c i l i t i e s  r e q u i r e d  t o  a c h i e ve  t h i s  g o a l ?  W e  con- 
s i d e r  a  r a d i a l l y  symmetric  c i t y  i n  which (i) f a c i l i t i e s  a r e  
f r e e  t o  l o c a t e  anywhere; (ii) t h e r e  e x i s t s  a  t i m e  s u r f a c e ;  
and (iii) t h e r e  a r e  no b a r r i e r s  t o  t r a v e l .  The a r e a  o f  t h e  
t i m e  s u r f a c e  i s  independen t  of  t h e  number and l o c a t i o n  of  
f a c i l i t i e s .  To co v e r  t h i s  a r e a  w i t h  t h e  minimum number of  
f a c i l i t i e s ,  w e  want t h e  maximum a r e a  t o  be s e rve d  by each  
f a c i l i t y ,  p rov ided  t h e  a r e a s  s e rve d  by d i f f e r e n t  f a c i l i t i e s  
do n o t  o v e r l a p .  The r a d i u s  of  each  such a r e a  must n o t  exceed 
t h e  t i m e  s t a n d a r d .  Thus, w e  seek  t o  cover  t h e  t i m e  s u r f a c e  
w i t h  s e r v i c e  a r e a s  t h a t  do n o t  o v e r l a p  and each  o f  which ha s  
maximum a r e a  f o r  a  g i v e n  r a d i u s .  
5.1 T e s s e l l a t i o n s  on t h e  P lane  
Le t  u s  f i r s t  c o n s i d e r  t h e  c a s e  i n  which t h e  v e l o c i t y  of  
t r a v e l  i s  uniform,  s o  t h a t  t h e  t i m e  s u r f a c e  i s  a  p l a ne .  
Regular  f i g u r e s  maximize t h e  r a t i o  o f  a r e a  t o  r a d i u s  (mathe- 
m a t i c a l  n o t e  4 . 1 ) .  Thus, t h e  optimum p a t t e r n  o f  f a c i l i t i e s  
i s  a  r e g u l a r  t e s s e l l a t i o n  on t h e  p l a ne .  There a r e  t h r e e  p o s s i -  
b i l i t i e s :  e q u i l a t e r a l  t r i a n g l e s ,  s qua re s ,  and hexagons ( s e e  a l s o  
mathemat ica l  n o t e  4 . 1 ) .  Of t h e s e ,  t h e  hexagon ha s  t h e  maximum 
r a t i o  of  a r e a  t o  r a d i u s ,  and i s  t h u s  t h e  most e f f i c i e n t . *  
For  v e l o c i t i e s  v a r y in g  con t i nuous ly  t h e  t i m e  s u r f a c e  i s  n o t  
a  p l a n e  b u t  t h e  geometry o f  t h e  r e g i o n  around a  p o i n t  i s  
l o c a l l y  Eu c l i d ean ,  s o  t h a t  t h e  optimum c ove r ing  w i l l  be l o c a l l y  
* ~ e x a g o n a l  market  a r e a s  a l s o  appear  f o r  t h e  same r e a s ons  i n  
" ~ i e  Zen t r a l en  O r t e  i n  St lddeutschland" ( C h r i s t a l l e r  1 9 3 3 ) ,  
whlch d e a l s  w i t h  t h e  geograph ic  o r g a n i z a t i o n  o f  s e t t l e m e n t s  
i n  a  r e g i o n .  See a l s o  Toble r  (1963) who comments on t h i s ,  
and touches  on some of  t h e  problems d i s c u s s e d  l a t e r .  
descr ibed  by a  t e s s e l l a t i o n  of r e g u l a r  hexagons. D i s t o r t i o n s  
t o  t h i s  p a t t e r n  w i l l  t a k e  p l ace  over  l a r g e r  a r e a s  a s  equal-  
s i z e d  hexagons on t h e  t ime s u r f a c e  correspond t o  unequal a r e a s  
of t h e  c i t y .  
5.2 T e s s e l l a t i o n s  on t h e  Cyl inder ,  Cone, and Sphere 
I f  t h e  v e l o c i t y  f i e l d  i s  V = w r ,  t h e  t ime s u r f a c e  i s  a  
c y l i n d e r , a n d  t h e  c i t y  can be op t imal ly  covered wi th  a  c o n s t a n t  
number of f a c i l i t i e s  around each r i n g  of c o n s t a n t  r a d i u s  ( s ee  
mathematical  n o t e  4 . 2 )  . I f  t h e  v e l o c i t y  f i e l d  i s  V = w r P ,  
t h e  t ime s u r f a c e  i s  a  cone. Hexagonal t e s s e l l a t i o n s  w i l l  only  
f i t  on t h e  cone f o r  r e s t r i c t e d  va lues  of p. There a r e  13 
1 1 1 2 5  7 4 3 5 1 1  p o s s i b l e  va lues :  0  I6 t3 I2 ITIg I l I -  - - - 6 1 3 1 ~ I ~ I ~ 1 2 .  - The c a s e s  0  and 
1 correspond t o  t h e  p l ane  and c y l i n d e r  a l r eady  d i scussed .  
The cases  where 1 < p  I 2 correspond t o  i n v e r s e s  of t h e  cones 
0  I p  < 1 ( s e e  mathematical  no t e  4 .3) .  Unless p  i s  less than  
u n i t y  t h e  number of f a c i l i t i e s  r equ i r ed  d ive rges  a s  t h e  c i t y  
c e n t r e  i s  approached. I n  t h e  r e s t  of t h i s  s e c t i o n ,  we conf ine  
a t t e n t i o n  t o  t h e  c a s e s  where p  i s  l e s s  t han  u n i t y .  For t h e s e  
va lues  of p ,  t h e  c o n i c a l  t e s s e l l a t i o n s  can be cons t ruc t ed  by 
c u t t i n g  s e c t o r s  o u t  of a  p lane  hexagonal t e s s e l l a t i o n  and 
g lu ing  t h e  c u t  edg-es back t o g e t h e r .  
I f  t h e  v e l o c i t y  f i e l d  i s  V = a r 2  + b  t h e  t ime s u r f a c e  i s  
a  sphere .  I t  i s  imposs ib le  t o  f i t  a  hexagonal t e s s e l l a t i o n  
on to  t h e  e n t i r e  sphere  ( s e e  mathematical  no t e  4 . 4 ) .  I n  
p r a c t i c e  on ly  a  p o r t i o n  of t h e  sphere  would need t o  be covered,  
s o  t h i s  is  n o t  a  s e r i o u s  r e s t r i c t i o n .  However, it i s  of 
t h e o r e t i c a l  i n t e r e s t  t o  i n v e s t i g a t e  t e s s e l l a t i o n s  t h a t  a r e  
e f f i c i e n t  covers  of t h e  e n t i r e  sphere .  The two b e s t  examples 
a r e  t h e  dodecahedron and t h e  t r u n c t a t e d  icosahedron.  The 
former i s  a  r e g u l a r  P l a t o n i c  s o l i d ,  which c o n t a i n s  1 2  pentagonal  
f aces .  The l a t t e r  i s  a  s o l i d  w i th  1 2  pentagonal  f a c e s  and 20 
hexagonal f a c e s  ( o f t e n  used i n  t h e  c o n s t r u c t i o n  of soccer  
b a l l s ) .  However,these could only  form s o l u t i o n s  t o  problems 
of optimum f a c i l i t y  coverage i f  t h e  v e l o c i t y  f i e l d  V = a r 2  + b  
and the time standard happen to be scaled in suitable propor- 
tions (see mathematical note 4.5) . 
Figure 10 is a photograph of all the tessellated surfaces 
described so far. Figure 11 shows the tessellations after 
they have been transformed to the physical surface of the city. 
(For details of the transformation, see mathematical note 1 . 0 ) .  
The scale of the tessellations depend on the form and param- 
eters of the velocity field, and the time standard A .  Table 
1 gives the values of the parameters chosen for these examples. 
Table 1. Key to the tessellations. 
V e l o c i t y  f i e l d  Time s t a n d a r d  
F i g u r e  No. (km/ hour) (hours)  Sur face  
11.1 17 .O 0.229 p l a n e  
1 1 . 3  27.0 r 0.096 cone 116 
15.0 r 113  0.119 cone 
cone 
4.5 r 213 0.242 cone 
cone 
1 1 . 2  1 .5  r 0.155 c y l i n d e r  
s p h e r e  
s p h e r e  
5.3 Notes Concerning the Tessellations 
There are a number of points to note about the previous 
tessellations. 
1. To simplify the construction, the boundaries of 
the catchment areas are shown as straight lines. 
While this is an adequate approximation at our 
scale of inquiry they should more correctly be 
shown as curves. 


2. I n  t h e  c y l i n d r i c a l  t r a n s f o r m a t i o n  (V  = w r ) ,  t h e  
number o f  f a c i l i t i e s  i s  c o n s t a n t  i n  e a c h  r i n g ,  s o  
t h a t  t h e  number o f  f a c i l i t i e s  p e r  u n i t  a r e a  d i v e r g e s  
a t  t h e  c i t y  c e n t r e .  S i n c e  t h e  demand f o r  A a n d  E 
s e r v i c e s  i s  f i n i t e  it would b e  i m p o s s i b l e  t o  m a i n t a i n  
s u c h  a  p a t t e r n  n e a r  t h e  c e n t r e .  
3. For  t h e  c o n i c a l  t r a n s f o r m a t i o n s  ( V  = w r P ,  i n c l u d i n g  
t h e  p l a n e  a s  a  s p e c i a l  c a s e ) , t h e  s h a p e  o f  t h e  c e n t r a l  
f a c i l i t y  c a t c h m e n t  po lygon depends  on  t h e  v a l u e  
o f  p .  The p o s s i b l e  s h a p e s  a r e :  
P  
- c e n t r a l  c a t c h m e n t  po lyqon 
0 hexagon 
1  /6 p e n t a g o n  
1/3 s q u a r e  
1  /2 t r i a n g l e  
2/3 b i a n g l e  * 
5/6 monoangle 
The number o f  f a c i l i t i e s  packed  a round  t h e  c i t y  c e n t r e  
i n c r e a s e s  i n  s u c c e s s i v e  r i n g s .  I t  v a r i e s  w i t h  
p  a c c o r d i n g  t o  6 n ( l  - p )  where n  i s  t h e  r i n g  ( n  = 
1  ... ) and  where  t h e  f i r s t  r i n g  i s  t h a t  t o u c h i n g  
t h e  c e n t r a l  po lygon .  
4 .  F o r  t h e  t w o  examples  shown o f  t h e  s p h e r i c a l  t r a n s f o r m a -  
2 
t i o n  ( V = a r  + b ) ,  t h e  t e s s e l l a t i o n s  a r e  e i t h e r  a l l  p e n t a g o n s  
o r  a mix o f  p e n t a g o n s  and  hexagons .  I n  a l l  s u c h  cases, t h e  
f a c i l i t y  a n t i p o d a l  t o  t h e  c e n t r a l  f a c i l i t y  c a n n o t  b e  shown 
a s  it i s  l o c a t e d  a t  i n f i n i t y .  When t h e  t e s s e l l a t i o n s  con-  
s i s t  o f  mixed f i g u r e s ,  a s  i n  t h e  c a s e  o f  t h e  " s o c c e r  b a l l " ,  
t i m e  s t a n d a r d s  1 a r e  n o t  u n i f o r m l y  a c h i e v e d  - hPentagon 
b e i n g  less  t h a n  hHexagon.  The d o t t e d  l i n e  shown i s  t h e  
image o f  t h e  e q u a t o r  o f  t h e  t i m e  s u r f a c e .  
These  i l l u s t r a t i o n s  show t h a t  it i s  p o s s i b l e  t o  c o n s t r u c t  
o p t i m a l  p a t t e r n s  f o r  t h e  l o c a t i o n  o f  emergency f a c i l i t i e s  t o  
m e e t  a c o n s i s t e n t  ambulance t r a v e l  t i m e  s t a n d a r d  when t h e  
ambulance s p e e d s  v a r y  a c r o s s  t h e  c i t y .  The m o s t  f l e x i b l e  
c l a s s  o f  v e l o c i t y  f i e l d  was s e e n  t o  b e  p a r t i c u l a r  t y p e s  o f  
monoangle = C) 
power-law v a r i a t i o n s  o f  v e l o c i t y  w i t h  d i s t a n c e  from t h e  
c i t y  c e n t r e .  These a r e  a s s o c i a t e d  w i t h  c o n i c a l  t ime  
s u r f a c e s  and,  u n l i k e  t h e  examples g i v e n  f o r  t h e  s p h e r e ,  a r e  
n o t  s u b j e c t  t o  s c a l e  r e s t r i c t i o n s .  F u r t h e r m o r e l t h e  c o n i c a l  
t i m e  s u r f a c e s  can  be e x a c t l y  covered  w i t h  hexagons a t  a l l  
l o c a t i o n s  a p a r t  from t h e  c i t y  c e n t r e .  
To c o n s t r u c t  a  more r e a l i s t i c  ambulance v e l o c i t y  f i e l d  
f o r  London, it w i l l  b e  n e c e s s a r y  t o  g l u e  t o g e t h e r  p a r t s  o f  
cones  w i t h  d i f f e r e n t  power-law v a r i a t i o n s ,  a s  d e s c r i b e d  i n  
t h e  s e c t i o n  5 .4 .  
L a t e r  i n  s e c t i o n  6 t h e  London v e l o c i t y  f i e l d  w i l l  be used 
t o  show how t h e  number o f  f a c i l i t i e s  r e q u i r e d  v a r i e s  w i t h  t h e  
ambulance t r a v e l  t i m e  s t a n d a r d .  I n  t h e s e  c a l c u l a t i o n s  w e  
w i l l  assume t h a t  hexagonal  a r e a s  a r e  an  adequa te  approx imat ion  
t o  t h e  l o c a l  shapes  o f  t e s s e l l a t i o n s  on t h e  London t i m e  s u r f a c e .  
5.4 The Optimum Geograph ica l  Coverage o f  F a c i l i t i e s  i n  London 
A v a r i e t y  of  s t a t i s t i c a l  s o u r c e s  were used t o  e s t i m a t e  
t h e  v e l o c i t y  f i e l d  f o r  London f o r  purposes  o f  p r e s e n t i n g  t h e  
i n i t i a l  r e s u l t s .  They were t h e  a v e r a g e  d i s t a n c e  t r a v e l l e d  
p e r  p a t i e n t  p e r  y e a r  by ambulances inLondon i n  1977; t h e  average  
t i m e  from t h e  s c e n e  o f  an  a c c i d e n t  o r  emergency t o  t h e  t r e a t -  
ment f a c i l i t y ;  t h e  v a r i a t i o n  i n  d i s t a n c e  s e p a r a t i n g  e x i s t i n g  
t r e a t m e n t  f a c i l i t i e s ;  and g e n e r a l  t r a f f i c  d a t a  f o r  London. 
From t h e s e  s o u r c e s  two v e l o c i t y  f i e l d s  were d e r i v e d :  one 
assumed t o  o p e r a t e  d u r i n g  t h e  day and even ing  and t h e  o t h e r  
a t  n i g h t .  They a r e  a s  fo l lows :  
1 .  Day and Evening 
where V i s  ex p r e s sed  i n  k i l o m e t r e s  p e r  hour and r i n  
k i l o m e t r e s .  
2. N i s h t  
The dayt ime f i e l d  h a s  a  c o n s t a n t  v e l o c i t y  f o r  t h e  f i r s t  
4 km from t h e  c e n t r e .  Between 4km and 15 km it rises i n  propor-  
t i o n  t o  t h e  sq u a r e  r o o t  of d i s t a n c e  from t h e  c e n t r e .  From 15 
km t o  25 km it rises i n  d i r e c t  p r o p o r t i o n  t o  d i s t a n c e  from t h e  
c i t y  c e n t r e .  Beyond 25 km t h e  v e l o c i t y  f i e l d  i s  c o n s t a n t .  
Where t h e  l o c a l  s e c t i o n s  j o i n ,  a t  4 km, 15 km,and 25 km t h e  
v e l o c i t y  v a r i e s  co n t i n u o us ly .  
The n i g h t t i m e  f i e l d  a l s o  ha s  a  c o n s t a n t  v e l o c i t y  i n  t h e  
c e n t r a l  a r e a ,  b u t  t h i s  v e l o c i t y  i s  g r e a t e r  t h a n  t h e  dayt ime 
c e n t r a l  v e l o c i t y  and t h e  c e n t r a l  s e c t i o n  r eaches  o u t  a s  f a r  
a s  15 km. Beyond 15 km t h e  n i g h t t i m e  f i e l d  i s  t h e  same a s  
t h e  dayt ime f i e l d .  
The t i m e  s u r f a c e  f o r  t h e  dayt ime f i e l d ,  a p a r t  from t h e  
c e n t r a l  c o n s t a n t  s e c t i o n ,  was t e s s e l l a t e d  on a  s c a l e  t h a t  
corresponded t o  a  ten-minute  maximum journey t i m e .  This  cor -  
r esponds  approx imate ly  t o  t h e  a c t u a l  average  t i m e s  ach ieved  
i n  London from t h e  i n c i d e n t  s i tes  t o  t h e  t r e a t m e n t  c e n t r e s  
a s  e s t i m a t e d  from Anderson (1978 ) .  The t o t a l  number o f  t r e a t -  
ment f a c i l i t i e s  t h a t  w e  l o c a t e d  within t h e  G r e a t e r  London 
Counci l  a r e a  was 77, somewhat l a r g e r  t han  t h e  number (64)  
quoted i n  Anderson.* 
The r e s u l t a n t  s u r f a c e  i s  shown i n  F i g u r e  12. To a l i g n  
t h e  hexagons e x a c t l y  t h e  c o n i c a l  s e c t i o n  o f  t h e  s u r f a c e  h a s  
been deformed i n t o  a  3-s ided pyramid and t h e  c y l i n d r i c a l  
s e c t i o n  i n t o  a  3-s ided pr ism.  On e i t h e r  s i d e  of t h e  edges  
o f  t h e  p r i sm ,  t h e  hexagons a r e  unavoidably  squashed i n t o  
*In f a c t  Anderson excludes severa l  f a c i l i t i e s  t h a t  reported accident  and emergency 
services  i n  1976, though he notes (p.41), t h a t  i n  a l1 , lOl  hosp i t a l s  were involved 
t o  some degree. Our data  showed t h a t  89 f a c i l i t i e s  t r ea ted  more than 1000 cases 
i n  1976, while 111 reported some s o r t  of a c t i v i t y  i n ,  and on the  edge o f ,  t h e  
Greater London Council region.  

"siamese t w i n s "  a s  i s  a l s o a p p a r e n t  from F igu re  12. The p l ane  co r -  
r esponding  t o  t h e  o u t e r  c o n s t a n t  v e l o c i t y  s e c t i o n  of  t h e  f i e l d ,  
i s  glued  o n t o  t h e  s i d e s  of  t h e  p r i sm i n  t h r e e  s e p a r a t e  s e c t i o n s ,  
a g a i n  t o  e n s u r e  t h e  c o r r e c t  a l ignment  o f  t h e  hexagons. Th i s  
induces  t h r e e  spokes  o f  diamond-shaped catchment a r e a s  where 
t h e  p l a n e  s e c t i o n s  connec t .  The occu r r ences  o f  "s iamese  tw ins "  
and "diamond spokes"  a r e  examples of  unavo idab le  l o c a l  i n e f -  
f i c i e n c i e s  i n  t h e  t e s s e l l a t i o n s  t h a t  become appa ren t  when 
s e c t i o n s  o f  d i f f e r e n t  f i e l d s  a r e  g lued  t o g e t h e r .  However, 
t h e  p o s i t i o n s  o f  t h e  " i n e f f i c i e n c i e s "  is  i n  p r a c t i c e  i n d e t e r -  
mina te ,  s i n c e  t h e r e  i s  no unique a l ignment  p rocedure .  The 
p a t t e r n  o f  f a c i l i t i e s  o b t a i n e d  f o r  London i s  shown i n  F igu re  13. 
The o u t e r  uniform v e l o c i t y  s e c t i o n  o f  t h e  v e l o c i t y  f i e l d  
j o i n s  on t o  t h e  o u t e r  r i n g ,  b u t  has  n o t  been i nc luded  a s  it 
f a l l s  o u t s i d e  t h e  GLC boundary. Thus, t h e  diamond-shaped 
a r e a s  a r e  ab sen t .  The "siamese tw ins "  e f f e c t ,  however, i s  
observed i n  t h e  two ou te rmos t  r i n g s ,  i n v o l v i n g  s i x  p a i r s  of  
f a c i l i t i e s .  Because i n  t h e  th ree -d imens iona l  s u r f a c e  t h e  cone 
and c y l i n d e r  had t o  be d i s t o r t e d  i n t o  t h r e e - s i d e d  f i g u r e s ,  
w e  observe  some l o c a l  " s t r e t c h i n g "  of  ca tchments  a long  r a d i a l s  
halfway between t h e  "s iamese  twins" .  
6 .  APPLICATIONS OF THE METHODS I N  PRACTICE 
I n  t h i s  s e c t i o n  some i l l u s t r a t i v e  o u t p u t s  a r e  d i s c u s s e d ,  
b r o a d l y  p e r t a i n i n g  t o  t h e  c h e c k l i s t  of  problems i n  s e c t i o n  2 . 2 .  
For  convenience ,  a t t e n t i o n  i s  focused  on ly  on t h e  l o c a t i o n s  
o f  t h e  t r e a t m e n t  f a c i l i t i e s ,  a l though  a  s i m i l a r  a n a l y s i s  of  
ambulance d ep o t s  o r  of  b o th  t y p e s  of  f a c i l i t y  t o g e t h e r  cou ld  
a l s o  be made. 
6.1 D e f i n i t i o n s  
The f i r s t  s t e p  i s  t o  d e f i n e  measures f o r  f a c i l i t i e s  and 
c a s e l o a d s  of  an A and E sys tem d i s t r i b u t e d  ove r  an  urban a r e a .  
F i g u r e  13 .  The o p t i m a l  l o c a t i o n s  and ca t chmen t  a r e a s  o f  
t r e a t m e n t  f a c i l i t i e s  f o r  t h e  London a r e a  g i v e n  
t h e  e s t i m a t e d  ambulance v e l o c i t y  f i e l d  and a  
t i m e  s t a n d a r d  o f  10 m i n u t e s .  
These measurements can depend on distance r from the city centre, 
the time t of the day and on the time standard X of the service. 
1. D(r,t): the density of population 
2. h(r,t): the daily probability of generating an acci- 
dent or emergency per capita 
3. C(r,t): the expected number of accidents and emer- 
gencies per unit area. 
It follows that: 
Further define: 
4. A(r) : the area of a 1-kilometre wide ring (=  27rr 
1) 
5. N(r,t 1 A) : the smoothed number of facilities in a 
1-kilometre wide ring given A, the required 
time standard 
6. P(r,t): the expected number of accidents or emer- 
gencies per day in a 1-kilometre wide ring 
We also have the identity: 
We also define: 
7. a(r,tlX): the catchment area of an optimally located 
facility 
An approximate estimate for a is given by: 
where V ( r ,  t )  i s  t h e  l o c a l  v e l o c i t y  and t h e  remain ing  t e r m s  
g i v e  t h e  s i z e  o f  a  hexagonal  ca tchment  a r e a  on t h e  t i m e  s u r f a c e .  
8. M ( r ,  t 1 A )  : t h e  average  d a i l y  number of  p a t i e n t s  p e r  
f a c i l i t y  by t i m e  o f  day ,  f o r  a g iven  t r a v e l  
t i m e  s t a n d a r d  
.It f o l l o w s  from d e f i n i t i o n s  4 ,  5, and 7  t h a t  
from 3 ,  4, and 5  t h a t  
and from 3 ,  4, and 6  
where P ( R , t )  i s  t h e  t o t a l  e x p e c t e d  number of  p a t i e n t s  g e n e r a t e d  
o u t  t o  d i s t a n c e  R from t h e  c i t y  c e n t r e .  
6.2 E s t i m a t i o n  o f  t h e  Dens i ty  o f  P a t i e n t  Case loads  
For p u r p o s e s  o f  p r e s e n t i n g  t h e  t r i a l  i l l u s t r a t i o n s ,  a  c r u d e  
e s t i m a t i o n  o f  c a s e l o a d  d e n s i t y  C ( r , t )  was made f o r  t h e  t i m e  
p e r i o d s  t c o r r e s p o n d i n g  t o  t h e  v e l o c i t y  f i e l d  f o r  London 
d e s c r i b e d  i n  s e c t i o n  5 .2 .  Annual c a s e l o a d s  a t  e a c h  t r e a t m e n t  
f a c i l i t y  w e r e  r e g r e s s e d  on d i s t a n c e  r and t h e  r e s u l t  d i v i d e d  
by 365 t o  g i v e  t h e  a v e r a g e  d a i l y  r a t e .  A n e g a t i v e  e x p o n e n t i a l  
model gave t h e  most s a t i s f a c t o r y  r e s u l t .  I t  was: 
C ( r , * )  = 17.9 exp  ( -0 .1589r)  ( 2 3 )  
where * d e n o t e s  t h e  sum o v e r  a l l  t i m e  p e r i o d s  d u r i n g o n e  day.  
Figure  1 shows t h a t  t h e  n igh t t ime  case loads  a r e  approximately 
one- th i rd  of t h e  average l e v e l  over  2 4  hours .  Thus, equa t ion  (23) 
was p a r t i t i o n e d  i n t o  t h e  fol lowing:  
and C ( r , t 2 )  = 20.22 exp(-0.1589r)  
where t l  i s  of  4 hours  d u r a t i o n  (2:30 a.m. t o  6:30 a.m.) and 
t2 i s  of 20 hours  d u r a t i o n  (6:30 a.m. t o  2:30 a .m.) .  I t  can 
be  seen t h a t  t h e s e  equa t ions  n e g l e c t  any geographica l  r e d i s -  
t r i b u t i o n  of c a s e s  between day and n i g h t .  
6 . 3 .  The Trade-off between Time S tandards  and t h e  Nunbers 
of F a c i l i t i e s  
The f i r s t  i l l u s t r a t i o n  given by t h e  approach i s  a  t r ade -  
o f f  a n a l y s i s  t o  a s c e r t a i n  how many f a c i l i t i e s  i n  t h e  c i t y  a r e  
r equ i r ed  t o  meet d i f f e r e n t  t i m e  s t a n d a r d s  X f o r  t h e  day and 
n i g h t  o p e r a t i o n  of t h e  s e r v i c e s .  This  number i s  e s t i m a t e d  
by d i v i d i n g  t h e  a r e a  of t h e  London t ime s u r f a c e  by t h e  a r e a  
3  2 
of each hexagon, g f l h  . The r e s u l t s  of  t h e  t r ade -o f f  a n a l y s i s  
a r e  shown i n  F igure  1 4 .  I t  shows two curves :  one f o r  t h e  
day and one f o r  n i g h t .  X i s  on t h e  h o r i z o n t a l  a x i s  and t h e  
number of f a c i l i t i e s  i s  on t h e  v e r t i c a l  a x i s .  
Both cu rves  i n d i c a t e  t h a t  t h e  number of f a c i l i t i e s  
r equ i r ed  v a r i e s  i n v e r s e l y  wi th  t h e  square  of t h e  t r a v e l  t ime 
s t anda rd .  The daytime curve can be desc r ibed  by t h e  equa t ion  
where t h e  t r a v e l  t i m e  i s  quoted i n  minutes .  I f  t h e  t ime 
s t anda rd  was 10 minutes,  then  a  minimum of 7 7  a c c i d e n t  and 
emergency f a c i l i t i e s  need t o  be open du r ing  t h e  day. A t  n igh t ,  
t h e  number of f a c i l i t i e s  r e q u i r e d  i s  desc r ibed  by t h e  equa t ion  
h : Standards in Minutes 
F igu re  1 4 .  V a r i a t i o n s  i n  t h e  number o f  t r e a t m e n t  f a c i l i -  
t i e s  w i t h  o p e r a t i n g  t ime  s t a n d a r d s ,  A ,  by day 
and n i g h t .  The c u r v e s  show t h e  minimum number 
o f  f a c i l i t i e s  nece s sa ry  t o  comple te ly  cove r  
t h e  London a r e a  a t  a  g iven  t ime s t a n d a r d .  
For a  t r a v e l  t i m e  s t a n d a r d  o f  10 minu tes  t h e  minimum number o f  
f a c i l i t i e s  i s  a s  low a s  50. 
I f  r o a d  t r a f f i c  c o n d i t i o n s  were t o  c o n t i n u e  t o  worsen , so  
t h a t ,  s a y ,  ambulance t r a v e l  speeds  would be reduced by 10 p e r c e n t ,  
t h e r e  would b e  e i t h e r  a  2-minute i n c r e a s e  i n  minimum journey t i m e s  
o r  t h e r e  would need t o  be a  2 0  p e r c e n t  i n c r e a s e  i n  t h e  number o f  
f a c i l i t i e s  a v a i l a b l e .  
6.4 V a r i a t i o n  i n  t h e  Dens i ty  o f  Emergency F a c i l i t i e s  by Loca t ion  
The second i l l u s t r a t i v e  o u t p u t  i s  a  p l o t  o f  N ( r , t l h ) ,  t h e  
smoothed number o f  f a c i l i t i e s ,  d u r i n g  t h e  day and n i g h t ,  a t  
d i s t a n c e  r from t h e  c i t y  c e n t r e ,  f o r  t h r e e  t i m e . s t a n d a r d s  A :  
9 ,  10 ,and  11 minu tes .  I t  i s  s e e n  i n  F i g u r e  15 t h a t  t h e  r e s u l t a n t  
v a r i a t i o n  i s  v e r y  lumpy w i t h  s i g n i f i c a n t  b r e a k s  o c c u r r i n g  a t  
t h e  g l u i n g  j o i n t s  o f  t h e  v e l o c i t y  f i e l d s .  Between 4 kms and 
15 kms, t h e  number of f a c i l i t i e s  i s  c o n s t a n t  d u r i n g  t h e  day 
( D ) .  T h i s  i s  because  t h i s  p a r t  of  t h e  c i t y  i s  covered  by 
t h e  c y l i n d r i c a l  s e c t i o n  of  t h e  London t i m e  s u r f a c e  (see s e c t i o n  
5 . 4 ) .  A s m a l l e r  number of  f a c i l i t i e s  i s  r e q u i r e d  a t  n i g h t  ( N ) ,  
w i t h i n  15 km o f  t h e  c e n t r e  because  of  t h e  h i g h e r  a v e r a g e  
v e l o c i t i e s  i n  o p e r a t i o n .  The consequences o f  v a r y i n g  s t a n d a r d s  
on d i f f e r e n t  p a r t s  of  t h e  c i t y  a r e  t h u s  i n d i c a t e d  by t h e  diagram. 
6.5 V a r i a t i o n  i n  P a t i e n t  Caseload by L o c a t i o n  
The t h i r d  i l l u s t r a t i o n  i n  F i g u r e  16 shows how t h e  e x p e c t e d  
c a s e l o a d  a t  e a c h  f a c i l i t y ,  M ( r ,  t 1 A )  , v a r i e s  w i t h  d i s t a n c e  from 
t h e  c i t y  c e n t r e  f o r  h e q u a l  t o  9 , 10, and 11 minutes.  Daytime a c t i v i t y  
( D )  everywhere exceeds  n i g h t  a c t i v i t y  (N), w i t h  t h e  l a t t e r  a t  a  
p a r t i c u l a r l y  low l e v e l  o u t e r  l o c a t i o n s .  I t  would be i n t e r e s t i n g  
t o  e v a l u a t e  t h e  e f f e c t s  on s t a n d a r d s  and c a s e l o a d s  o f  r e d u c i n g  
t h e  n i g h t t i m e  coverage  i n  o u t e r  London. A lower t i m e  s t a n d a r d  
r e d u c e s  t h e  number of  f a c i l i t i e s  r e q u i r e d  b u t  i n c r e a s e s  t h e  
c a s e l o a d s  a t  i n d i v i d u a l  f a c i l i t i e s .  
D i s t a n c e  from C i t y  C e n t r e ;  r K i l o m e t r e s  
F i g u r e  15.  The v a r i a t i o n  i n  t h e  minimum number o f  f a c i l i t i e s  N ( r , t l h l  
needed a t  d i f f e r e n t  d i s t a n c e s  from t h e  c i t y  c e n t r e  by 
n i g h t  ( N )  and  day ( D )  g i v e n  t i m e  s t a n d a r d s  h o f  9 ,  10,  
and 11 minutes .  
D i s t a n c e  from C i t y  Cen t re ;  r K i l o m e t r e s  
F i g u r e  1 6 .  The e x p e c t e d  c a s e l o a d  M a t  a  f a c i l i t y  o p t i m a l l y  l o c a t e d  
d i s t a n c e  r f rom t h e  c i t y  c e n t r e  d u r i n g  t i m e  p e r i o d  t a t  
g i v e n  t i m e  s t a n d a r d s  X o f  9,10, and 1 1  m i n u t e s  (where 
D=Day and  N=nigh t )  . 
6.6 V a r i a t i o n  i n  Catchment Area by Loca t ion  
The s i z e s  o f  ca tchment  a r e a s  v a r i e s  w i t h  t h e  t i m e  s t a n d a r d  
and w i t h  l o c a l  a v e r a g e  v e l o c i t i e s .  From F i g u r e  1 7 ,  it i s  s e e n  
t h a t  t h e  s i z e  of ca tchment  a r e a s t b e c a u s e  of  t h e  i n c r e a s e d  
v e l o c i t i e s ,  a l s o  i n c r e a s e s  w i t h  d i s t a n c e  from t h e  c i t y  c e n t r e .  
A t  n i g h t  c e n t r a l  ca tchments  a r e  l a r g e r ,  because  o f  h i g h e r  
c e n t r a l  a r e a  v e l o c i t i e s .  
6 .7 Geograph ica l  Coverage w i t h  Fixed F a c i l i t i e s  
I n  s p i t e  of  t h e  e x i s t e n c e  ( s e c t i o n  5 )  of  o p t i m a l  s o l u t i o n s  
t o  t h e  coverage  problem, a u t h o r i t i e s  must work i n  t h e  s h o r t  run  
w i t h  a  f i x e d  se t  o f  f a c i l i t y  l o c a t i o n s .  There i s  a  need t o  
d e v i s e  computer a l g o r i t h m s  t h a t  can  i d e n t i f y ,  from t h e  e x i s t i n g  
se t  o f  f a c i l i t i e s ,  t h e  minimum number of  c e n t r e s  n e c e s s a r y  t o  
cover  t h e  c i t y  w i t h o u t  gaps  f o r  a  p a r t i c u l a r  t i m e  s t a n d a r d .  
Such a l g o r i t h m s  have  been i n v e s t i g a t e d  by Toregas e t  a l .  (1971) 
and Toregas and R e v e l l e  ( 1973) . 
6.8 .  The E f f e c t s  on T i m e  S t a n d a r d s  and Case loads  o f  t h e  
C l o s u r e  o f  a  S i n g l e  F a c i l i t y  
I n  a  t y p i c a l  set  of  s c h e d u l e s ,  d i f f e r e n t  f a c i l i t i e s  w i l l  
be  open a t  d i f f e r e n t  t i m e s .  Also ,  f a c i l i t i e s  sometimes 
unexpec ted ly  have t o  c l o s e  due ,  f o r  example, t o  s t a f f  s h o r t a g e s .  
Geomet r i ca l  methods c a n  b e  used t o  s i m u l a t e  t h e  e f f e c t s  i n  
c a s e l o a d s  and t i m e  s t a n d a r d s  by a n  a n a l y s i s  of  a  " D i r i c h l e t "  
r e g i o n  around each f a c i l i t y .  A D i r i c h l e t  r e g i o n  bounds t h e  
a r e a  around a  p o i n t ,  such t h a t  a l l  o t h e r  p o i n t s  w i t h i n  t h a t  
a r e a  a r e  c l o s e r  t o  t h e  p o i n t  t h a n  t o  any o t h e r  p o i n t  ( r e g u l a r  
hexagons a r e  examples of  e q u i - a r e a  D i r i c h l e t  r e g i o n s ) .  Each 
r e g i o n ,  analogous  t o  a  ca tchment  a r e a ,  i s  g e n e r a t e d  by j o i n i n g  
up t h e  p e r p e n d i c u l a r  b i s e c t o r s  between n e i g h b o r i n g  p o i n t s .  
When a f a c i l i t y  i s  withdrawn from s e r v i c e ,  t h e  D i r i c h l e t  r e g i o n s  
a r e  r e c o n s t i t u t e d ,  a s  i s  shown i n  F i g u r e  18 ,  and t h e  a r e a s  
f o r m e r l y  s e r v e d  by t h e  c l o s e d  f a c i l i t y  a r e  r e a l l o c a t e d  t o  t h e  
a d j a c e n t  f a c i l i t i e s .  I f  t r a v e l  speeds  a r e  assumed t o  be c o n s t a n t  
l o c a l l y ,  t h i s  t h e n  y i e l d s  a n  e s t i m a t e  o f  t h e  impact  on c a s e l o a d s  
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Figure 18. The local effect of withdrawing a facility X on 
catchment areas of neighboring facilities A , B ,  
C,D, and E. 
a t  t h e  n e i g h b o r i n g  f a c i l i t i e s .  These e s t i m a t e s  a r e  o b t a i n e d  by 
m u l t i p l y i n g  t h e  l o c a l  c a s e l o a d  d e n s i t y  by t h e  r e a l l o c a t e d  a r e a s .  
Examinat ion of t h e  p o s i t i o n s  o f  t h e  v e r t i c e s  o f  t h e  newly formed 
D i r i c h l e t  r e g i o n  s i m i l a r l y  y i e l d s  t h e  e f f e c t  o f  t h e  r e a l l o c a t i o n  
on t r a v e l  t i m e  s t a n d a r d s .  
7 .  CONCLUSIONS 
I n  t h i s  p a p e r  w e  have o u t l i n e d  a  g e o m e t r i c a l  t h e o r y  o f  
emergency s e r v i c e  medica l  p r o v i s i o n  i n  c i t i e s .  The t h e o r y  was 
developed around t h e  need f o r  ambulance journeys  t o  be  made 
w i t h i n  a c c e p t a b l e  t i m e  s t a n d a r d s  g iven  l i m i t e d  f a c i l i t i e s  f o r  
t r e a t m e n t  and v a r y i n g  urban t r a f f i c  c o n d i t i o n s .  I t  was shown 
how s i m p l e  maps f o r  ambulance journey t i m e s  c a n  be c o n s t r u c t e d  
and used t o  p i n p o i n t  a r e a s  where coverage  a p p e a r s  t o  be weak 
o r  where t h e r e  a r e  p o s s i b l e  d u p l i c a t i o n s  o f  p r o v i s i o n .  
From o u r  i n i t i a l  e s t i m a t e s  ( s e c t i o n  3 . 1 ) ,  it was shown 
t h a t  t h e r e  a r e  p robab ly  more t h a n  s u f f i c i e n t  t r e a t m e n t  f a c i l i -  
t i es  t o  c o v e r  t h e  London r e g i o n ,  a t  a  ten-minute  t i m e  s t a n d a r d ,  
a l t h o u g h  poor coverage  may o c c u r  i n  one o r  two p l a c e s .  I n  sec- 
t i o n s  5.4 and 6 . 3 ,  more a c c u r a t e  e s t i m a t e s  showed t h a t  t h e  mini-  
mum number o f  f a c i l i t i e s  t o  c o v e r  t h i s  r e g i o n  was 7 7  d u r i n g  t h e  
day and 50 a t  n i g h t .  The c u r r e n t  number o f  ambulance d e p o t s ,  
77  ( u n l i k e  t h a t  number o f  t r e a t m e n t  f a c i l i t i e s ) ,  seems a b o u t  
r i g h t ,  t h e r e f o r e ,  though t h e s e  d e p o t s  w i l l  n o t ,  o f  c o u r s e ,  be 
o p t i m a l l y  l o c a t e d :  t h u s ,  more may be  needed.  T h i s  a s p e c t  h a s  
s t i l l  t o  be  s t u d i e d .  
I n  s e c t i o n  5 ,  a  g e o m e t r i c a l  t h e o r y  f o r  t h e  o p t i m a l  l o c a -  
t i o n  of  a c c i d e n t  and emergency f a c i l i t i e s  was deve loped .  Th i s  
was used t o  c o n s t r u c t  benchmarks f o r  d e t e r m i n i n g  t h e  minimum 
numbers o f  f a c i l i t i e s  t h a t  a r e  r e q u i r e d  t o  c o v e r  any urban r e -  
g i o n .  These minimum numbers were s e e n  t o  b e  s t r o n g l y  dependent  
on ambulance t r a v e l  t ime  s t a n d a r d s ,  w h i l e  t h e i r  g e o g r a p h i c a l  
c o n f i g u r a t i o n  was l i n k e d  c l o s e l y  t o  p r e v a i l i n g  t r a f f i c  condi-  
t i o n s .  T h i s  f i n d i n g  h i g h l i g h t s  t h e  need f o r  c o n t r o l l i n s  au- 
t h o r i t i e s  t o  moni tor  t h e  t i m e s  a c t u a l l y  ach ieved  by ambulances,  
bo th  on a  r e g u l a r  b a s i s  and i n  g e o g r a p h i c a l  d e t a i l .  
A t  any t i m e  t h e  c o n f i g u r a t i o n  of  f a c i l i t i e s  w i l l  be i m -  
p e r f e c t  a s  i t  t a k e s  a  long  t i m e  t o  implement d e c i s i o n s  t o  i n -  
v e s t  i n  new f a c i l i t i e s .  Thus i n e f f i c i e n c i e s  a r e  bound t o  be  
p r e s e n t ,  and some a r e a s  a r e  bound t o  be r e c e i v i n g  a  less f a v o r -  
a b l e  p r o v i s i o n  o f  emergency f a c i l i t i e s  t h a n  o t h e r  a r e a s .  A s  
t r a f f i c  c o n d i t i o n s  i n  u rban  a r e a s  d e t e r i o r a t e ,  due  t o  i n c r e a s e d  
r o a d  c o n g e s t i o n ,  more and more a r e a s  c o u l d  e x p e r i e n c e  worsening 
emergency c o v e r .  The scope  f o r  g r e a t e r  economy i n  f a c i l i t y  
p r o v i s i o n  c o u l d  t h u s  be e c l i p s e d  by t h e  i n c r e a s e d  r i s k  o f  
d e a t h s  o c c u r r i n g  because  ambulances a r e  unab le  t o  g e t  p a t i e n t s  
t o  p l a c e s  o f  t r e a t m e n t  i n  t i m e .  I t  t h u s  seems t o  b e  i m p e r a t i v e  
t h a t  t h e  b e s t  p o s s i b l e  u s e  i s  made o f  i n f o r m a t i o n  c o n c e r n i n g  
ambulance journey t i m e s ,  a s  t h e s e  p r o v i d e  n a t u r a l  measures 
f o r  m o n i t o r i n g  t h e  chang ing  c o n d i t i o n s  a f f e c t i n g  t h e  s e r v i c e s .  
A r e g u l a r  m o n i t o r i n g  o f  ambulance t i m e s  w i l l  t h e n  p r o v i d e  a  
b a s i s  f o r  d e t e r m i n i n g  p r i o r i t i e s  i n  t h e  a l l o c a t i o n  o f  r e s o u r c e s  
w i t h i n  t h e  a c c i d e n t  and emergency sys tem.  
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A P P E N D I X :  MATHEMATICAL NOTES 
1 . 0  Rad ia l ly  Symmetric F i e l d s  
We a r e  given a  p o l a r  coo rd ina t e  system, ( r , 0 ) ,  f o r  t h e  
urban p l ane  i n  which a  v e l o c i t y  f i e l d ,  V ( r ) ,  has  been de f ined ;  
and a  c y l i n d r i c a l  coo rd ina t e  system, ( p , z , $ ) ,  f o r  t h e  space i n  
which t h e  t ime s u r f a c e  i s  loca t ed .  
By theorem 3.1 i n  Angel and Hyman ( 1  9 7 6  : 4 5 )  , t h e  fo l lowing  
changes of v a r i a b l e ,  
and 
d e f i n e  a  t r ans fo rma t ion  
T h i s  t r a n s f o r m a t i o n  maps t r a v e l  t i m e  on any p a t h  P  on t h e  urban 
p l a n e  i n t o  t h e  l e n g t h  o f  t h e  image o f  t h a t  p a t h ,  T v ( P ) .  
COROLLARY 1.1 The t i m e  s u r f a c e  o f  t h e  v e l o c i t y  f i e l d  
V ( r )  = w r ,  where w i s  a  c o n s t a n t ,  i s  a  c y l i n d e r .  
Proo f .  From (1 .2 )  and ( 1 . 3 ) ,  
and 
where r i s  t h e  r a d i u s  c o r r e s p o n d i n g  t o  z  = 0. p i s  independen t  0 1  
o f  z ,  and t h e  t i m e  s u r f a c e  i s  t h u s  a  c y l i n d e r  o f  r a d i u s  - t h a t  
w 
e x t e n d s  o v e r  t h e  comple te  z a x i s ,  from z  = -a ( c o r r e s p o n d i n g  
t o r  = 0) t o  z = + a  ( r  = w ) .  
COROLLARY 1.2 Journey  t i m e  h i n  t h e  f i e l d  V f r )  = w r  i s  
g i v e n  by 
P r o o f .  Open a  c y l i n d e r  a l o n g  a  g e n e r a t o r  and l i e  it f l a t  
on t h e  ground.  From t h e  d e f i n i t i o n  of  a  t i m e  s u r f a c e ,  t h e  
minimum t r a v e l  t i m e  between two p o i n t s  i s  t h e  l e n g t h  o f  t h e  
s t r a i g h t  l i n e  c o n n e c t i n g  them. Thus,  
1  
where (- 1 w , ~ l , $ l ) ,  ( - - , z ~ , $ ~ )  a r e  t h e  c o o r d i n a t e s  of  t h e  p o i n t s  
on t h e  c y l i r i d e r .  S u b s t i t u t i n g  ( 1 . 1 )  and (1 .5 )  i n  ( 1 . 7 )  and 
s i m p l i f y i n g ,  w e  o b t a i n :  
t h e  r e q u i r e d  r e s u l t .  
COROLLARY 1.3  An i s o c h r o n e  i n  t h e  f i e l d  V f r )  = w r  i s  
g i v e n  b y  
r = r l  exp h2u2 - (8 ,  - e l )  2 
P r o o f .  To o b t a i n  t h e  i sochrone ,  simply r ea r r ange  (1 .6)  
s o  t h a t  r2 becomes t h e  s u b j e c t .  By l e t t i n g  ( ' , e l )  be t h e  loca-  
t i o n  of t h e  f a c i l i t y  and A ,  t h e  t ime s t anda rd ,  and a l lowing  e 2  
t o  vary ,  t h e  d e s i r e d  i sochrone  may be p l o t t e d .  
COROLLARY 1 . 4  The e q u a t i o n  o f  t h e  q u i c k e s t  p a t h  i n  t h e  
f i e l d  V ( r )  = w r  i s  g i v e n  b y  
where m and C a r e  c o n s t a n t s .  
P r o o f .  The equa t ion  of a  s t r a i g h t  l i n e  between two p o i n t s  
( $ l / w , ~ l )  and ( $ 2 / w , ~ 2 )  on an opened c y l i n d e r  i s  
where A i s  a  c o n s t a n t .  From ( 1 . 1 )  and (1 .5 )  
L e t t i n g  A + I n  ro = C 
and 
two c o n s t a n t s  depending on t h e  o r i g i n  ( r  , e l )  and d e s t i n a t i o n  1 
( r2  ,e 2 )  , e q u a t i o n  ( 1  .12)  becomes 
Equat ion ( 1 . 9 )  d e s c r i b e s  a  l o g a r i t h m i c  s p i r a l  t h a t  r a d i a t e s  
outwards from a  s p e c i f i e d  o r i g i n .  A diagram showing q u i c k e s t  
p a t h s  i n  r , 0  c o o r d i n a t e s  i s  given  i n  F igu re  3b i n  t h e  t e x t .  
COROLLARY 1.5 The  t i m e  s u r f a c e  o f  t h e  v e l o c i t y  f i e l d  
V f r )  = w r P  ( 0  < p < I ) ,  where o  i s  a  c o n s t a n t ,  i s  a  c o n e .  
P r o o f .  See Angel and Hyman (1976 ) ,  C o r o l l a r y  3.2.  
COROLLARY 1.6 J o u r n e y  t i m e  i n  t h e  f i e l d  V f r )  = w r P  i s  
g i v e n  by  
P r o o f .  See Angel and Hyman (1976 ) ,  C o r o l l a r y  3.3.  
COROLLARY 1.7 An i s o c h r o n e  i n  t h e  f i e l d  V f r )  = w r P  b a s e d  
a t  ( r l ,O1) ,  i s  g i v e n  by  
2 2 2  2  
t i/w h ( 1  - p )  - m sin [ ( I  - p ) B l 2 I  
where m = r ( 1 - p )  1  , e 1 2  = e 2 -  
P r o o f .  Equa t ion  ( 1 . 1  1 ) may be r e a r r a nge d  i n t o  t h e  
s t a n d a r d  form 
where a =  1 
b = -2m cos [ (1 - p)el2] 
2 
c = m - u2 h2(1 - p12 
Now 
Substituting for a, bland c in (1.13) and simplifying gives 
(1 1 ) , the required result (see also Mayhew, 1981 ) . 
COROLLARY 1.8 The t i m e  s u r f a c e  o f  t h e  v e l o c i t y  f i e l d  V = 
2 
a r  + b ,  where a  and b a r e  p o s i t i v e  c o n s t a n t s ,  i s  a  sphere  
I 
o f  r a d i u s  t h a t  s a t i s f i e s  
where u 2  = dab. (1.15 ) 
Proo f .  See Angel and Hyman (1976), Corollary 3.4. 
2.0 Linear Fields 
For a city where V is a function of x, V(x), it is shown 
in Angel and Hyman (1976:22) that the differential equation of 
the minimum time or quickest path is 
where K is a constant of integration. 
THEOREM 2.1 
P r o o f .  
Figure 2.1. Interpretation of equation (2.1) 
with definition of 8. 
where h is the journey time. 
From F i g u r e  2 .1  
2  (ds12 = (dx)  + ( d y )  = 1  
From e q u a t i o n  ( 2 . 3 )  a n d  ( 2 . 4 )  , t h e r e f o r e  
F rom e q u a t i o n  ( 2 . 1  ) , we g e t  
H e n c e  
THEOREM 2 . 2  The v e l o c i t y  f i e l d  
has  c i r c u l a r  q u i c k e s t  p a t h s  t h a t  s a t i s f y  t h e  e q u a t i o n  
P r o o f .  F i r s t  observe t h a t  
Using (2.1) and (2.7), the differential equation of the quickest 
path is obtained 
Make the substitution (see Figure 2.1) 
sin 9 = KV 
Then 
d dy dV l=-= sin 9 ) (co; 8) - - sin 8 
d9 dV d9 ( - b cos 8 bK 
Integrating, we obtain 
Thus 
cos 8 + 
Y =  bK 
Substituting for V from (2.7) and rearranging, we get 
1 
where (2.8) describes a circle of radius ijfC with a centre 
(a/b,C). 
COROLLARY 2.2.1. The minimum path between ( x A ,  y A  I and ( x B ,  
y ) i s  a  c i r c u l a r  a r c  which s a t i s f i e s  t h e  e q u a t i o n  i n  Theorem B 
2 . 2  and has parameters  
and K = b/ [ (xA - a/b12 + (yA - C ) 2 ] 4  (2 .17 )  
Proof .  From Theorem 2.2,  w e  see t h a t  t h e  minimum p a t h  
s a t i s f i e s  b o t h  t h e  e q u a t i o n  
and  t h e  e q u a t i o n  
E l i m i n a t i n g  K between t h e s e  e q u a t i o n s  g i v e s  u s  
From which w e  o b t a i n  
as r e q u i r e d .  The e q u a t i o n  f o r  K i n  t h e  s t a t e m e n t  o f  t h e  c o r o l -  
l a r y  i s  o b v i o u s ,  c o m p l e t i n g  t h e  p r o o f .  
The S e t  of Minimum Paths  
By a  s u i t a b l e  choice  of o r i g i n ,  t h e  l i n e a r  v e l o c i t y  f i e l d  
can be w r i t t e n  i n  t h e  form V(x) = wx. From theorem 2 . 2 ,  w e  
observe t h a t  t h e  set  of minimum pa ths  through (xA,yA) i s  t h e  
family  of c i r c u l a r  a r c s  w i t h  c e n t r e s  on t h e  l i n e  x  = 0. I f  
t h e s e  a r c s  a r e  extended t o  form complete c i r c l e s ,  they  a l l  
pass  through t h e  image p o i n t  ( -xA,yA).  Thus, they  form co- 
a x i a l  c i r c l e s .  The i sochrones  a r e  t h e  or thogona l  t r a j e c t o r i e s  
of t h e s e  c i r c l e s f a n d  they  a l s o  c o n s i s t  of c i r c u l a r  a r c s  b u t  
wi th  c e n t r e s  on t h e  l i n e  y  = yA. To o b t a i n  t r a v e l  t imes and 
i sochrones  f o r  t h i s  f i e l d  w e  make use  of t h e  fo l lowing  theorem. 
THEOREM 2.3 The  minimum t r a v e l  t i m e  b e t w e e n  fxA,yA) and 
fxB,yB) i n  t h e  f i e l d  Vfx) = ox i s  g i v e n  by 
P r o o f .  
Figure  2 . 2 .  An i sochrone i n  t h e  v e l o c i t y  
f i e l d  V(x) = wx. 
F i r s t  cons ide r  t r a v e l  a long y  = y  i n  F igure  2 . 2 .  A 
Thus - w t  x  = xAe P 
and 
The i s o c h r o n e s  a r e  circles of  t h e  g e n e r a l  form 
where 
X + X  
and - P Xo - 2  = xA c h ( w t )  
Hence, 
( x  - xA c h  ( w t ) )  + ( y  - yA) = x2  A s h  2  ( w t )  ( 2 .29)  
Thus, r e a r r a n g i n g  
a s  r e q u i r e d .  
COROLLARY 2.3.1 The e q u a t i o n  o f  t h e  i s o c h r o n e s  i n  t h e  
f i e l d  V(x) = wx i s  g i v e n  by 
P r o o f .  This  r e s u l t  i s  obta ined  simply by making y t h e  
s u b j e c t  of equa t ion  (2.30) . 
THEOREM 2.4 The minimum p a t h  i n  t h e  f i e l d  V(xl = a e  -bx 
i s  g i v e n  by 
- 1 -bx 
cos  (aKe ) + Y = -  b  
P r o o f .  From ( 2 . 1 )  
Let  
dV - s o  t h a t  - - - s i n  J, 
d4J K 
dy - dy dV - dy s i n  J, 
- - - - - - -  
dJ, dV dJ, dV K 
w h i c h  from ( 2 . 3 4 )  and F i g u r e  2 . 1  g i v e s  
T h u s ,  y = $ + C  ( 2 . 3 9 )  
THEOREM 2 . 5  The  minimum j o u r n e y  t i m e  i n  t h e  f i e l d  V ( x )  = 
ae  -bx  i s  g i v e n  b y  
P r o o f .  
F r o m  T h e o r e m  2 . 1 ,  t h e r e f o r e  
L e t  v = cos qJ K 
dV 
- = -  
s i n  qJ 
dqJ K 
T h e r e f o r e ,  
Hence 
="A+ b 
cos  q 
X = K t a n  jl b 
From Figure  2.1, t h e r e f o r e  
and s o  2 2 -2bx X = ebx/l - K a e /ab 
3.0 Geographical  Obs tac les  t o  Travel  
T h e  R i v e r  P r o b l e m  
Figure  3 .1 .  Two r o u t e s  a c r o s s  a r i v e r  PQ between 
0 and D .  
Consider  F i g u r e  3.1. PC! i s  t h e  r i v e r ,  0 and D a r e  t h e  
o r i g i n  and d e s t i n a t i o n ,  and A and B a r e  t h e  b r i d g e  l o c a t i o n s .  
Assume a  c o n s t a n t  speed o f  t r a v e l .  Then t r a v e l  from 0 t o  D 
t a k e s  t h e  same t i m e  v i a  e i t h e r  b r i d g e  when 
L e t  d 4  - d l  = E ,  t h e n  
2  Thus x + y2 = E~ + x + ( Y  2  - y 1 ) 2  + 2EiX + ( y  - y , ) 2  (3 .4 )  
S i m p l i fy i n g  and o r d e r i n g  t h e  terms, 
The e q u a t i o n  ( 3 . 5 )  i s  a  hyperbo la  when l y l l  > E .  T h i s  
i n e q u a l i t y  w i l l  be s a t i s f i e d  u n l e s s  D l i e s  on e i t h e r  e x t e n s i o n  
of  t h e  l i n e  segment AB j o i n i n g  t h e  b r i d g e s .  I n  t h i s  c a s e  y l = ~  
and t h e  e q u a t i o n  becomes x  = 0; y  5 0 o r  y  1 y , ,  which d e s c r i b e s  
t h e  two e x t e n s i o n s  o f  t h e  l i n e  segment AB. 
4 . 0  T e s s e l l a t i o n s  
4.1 Optimal  T e s s e l l a t i o n s  
The a r e a  o f  any polygon drawn i n s i d e  a  c i rc le  s o  t h a t  
t h e  v e r t i c e s  t o u ch  t h e  c i rcumference  i s  maximized when a l l  t h e  
s i d e s  o f  t h e  polygon a r e  equa l .  Fur thermore ,  t h i s  a r e a  
i n c r e a s e s  w i t h  n ,  t h e  number of s i d e s .  W e  a r e  l o o k i n g ,  t h e r e -  
f o r e ,  f o r  a  r e g u l a r  polygon t h a t  has  t h e  maximum number o f  
s i d e s  w i t h  which t o  f i l l  a  p l ane  w i t h o u t  any o v e r l a p .  The 
number o f  polygons needed w i l l  t h e n  be  a  minimum f o r  any g iven  
r a d i u s .  To de te rmine  t h e  p l a n e  t e s s e l l a t i o n s  w e  l e t  k  be t h e  
number of  r e g u l a r  n-gons meet ing a t  a  p o i n t .  The a n g l e  made 
by each  n-gon a t  t h e  j o i n  i s  t hen  21~ /k .  The i n t e r n a l  a n g l e  
o f  a  r e g u l a r  n-gon e q u a l s  IT - ( 2 1 ~ / n ) .  Equa t ing ,  t h e r e f o r e :  
w e  g e t  
The o n l y  v a l u e s  o f  k  t h a t  g i v e  i n t e g e r  v a l u e s  of n  a r e  3 ,  4 ,  
and 6 ,  a s  i s  e a s i l y  v e r i f i e d .  These cor respond  t o  a  hexagon, 
s q u a r e  and t r i a n g l e , r e s p e c t i v e l y .  Because a  hexagon has  t h e  
most s i d e s ,  it i s ,  by t h e  f i r s t  argument,  t h e  r e q u i r e d  r e g u l a r  
f i g u r e .  
4.2 T e s s e l l a t i n g  t h e  Cy l inde r  
There a r e  two p o s s i b l e  o r i e n t a t i o n s  o f  a  p a t t e r n  of  
r e g u l a r  hexagons t h a t  f i t s  e x a c t l y  around t h e  c i rcumference  
of  a  c y l i n d e r .  I f  A i s  t h e  r a d i u s  of each  hexagon t hen  u n d e r .  
one o r i e n t a t i o n  t h e  p a t t e r n  r e p e a t s  i t s e l f  i n  i n t e r v a l s  of  
f l A ,  i n  t h e  o p p o s i t e  o r i e n t a t i o n  t h e  i n t e r v a l  of  r e p e t i t i o n  
i s  3A. I n  e i t h e r  c a s e  t h e  c i rcumference  o f  t h e  c y l i n d e r  i s  
~ I T / U .  An e x a c t  f i t  f o r  t h e  t e s s e l l a t i o n  w i l l  occur  when t h i s  
circumference e q u a l s  an i n t e g e r  number of i n t e r v a l  of r e p e t i -  
t i o n .  We t h e r e f o r e  need t o  s a t i s f y  e i t h e r  t h e  c o n d i t i o n  
(i) 2 u X / f i  i s  an i n t e g e r  
o r  t h e  c o n d i t i o n  
(ii) 2rX/3 i s  an i n t e g e r  
according t o  t h e  o r i e n t a t i o n  s e l e c t e d .  
When t ransformed back t o  t h e  c i t y  t h e  c i rcumferences  of 
t h e  c y l i n d e r  correspond t o  r a d i i ,  s o  t h a t  t h e  number of f a c i l i -  
t i e s  r equ i r ed  i s  t h e  same on each r i n g  around t h e  c i t y  c e n t r e .  
' 4 . 3  T e s s e l l a t i o n s  on t h e  Cone 
The t o t a l  number of  p-cones t h a t  admit e x a c t  hexagonal 
t e s s e l l a t i o n s  i s  t h i r t e e n ,  namely: 
The maps on t h e  urban p lane  f o r  t h e  f i e l d  V = w P  a r e  t h e  
* 2-p i n v e r s e s  of maps f o r  t h e  f i e l d  V = w r . To show t h i s ,  
cons ide r  two maps from t h e  same cone. From equa t ion  ( 1 . 2 ) ,  
Then 
I f  p + q = 2 ,  w e  have 
- 
* Hence r = (:)'-P r - 1 
W e  need on ly  t o  construct t h e  seven b a s i c  maps, f o r  0 I p 6 1 ,  
and can g e t  t h e  o t h e r  s i x  from t h e  l a s t  equa t i on .  The 
c y l i n d e r ,  p = 1 ,  i s  a s p e c i a l  c a s e  and i s  s e l f - i n v e r s e .  
4 . 4  T e s s e l l a t i n g  t h e  Sphere w i th  Pentagons and Hexagons 
The sum o f  t h e  a n g l e s  meeting a t  a  p o i n t  canno t  exceed 
  IT r a d i a n s .  The a n g l e  o f  a  r e g u l a r  pentagon i s  3 ~ / 5 .  Thus, 
no more t h a n  t h r e e  f a c e s  can m e e t  a t  a  v e r t e x .  W e  t h e r e f o r e  
deduce t h e  fo l l owing  theorem. 
THEOREM 4 . 1  Any t e s s e l l a t i o n  on t h e  s u r f a c e  o f  a  sphere  
u s i n g  o n l y  pentagons  and hexagons r e q u i r e s  a t  l e a s t  t w e l v e  
pentagons .  
P r o o f .  L e t  p deno t e  t h e  number o f  pentagons  and h t h e  
number of  hexagons. For  a  t e s s e l l a t i o n  on t h e  s p h e r e ,  l e t  f  
be t h e  number o f  f a c e s ,  r t h e  number of v e r t i c e s  and e t h e  
number of  edges .  The t o t a l  number o f  f a c e s  i s  g iven  by 
Each hexagon has  s i x  edges ,  each pentagon f i v e  edges  and each 
edge i s  sha r ed  by two f a c e s ,  s o  
Each hexagon h a s  s i x  v e r t i c e s  and each  pentagon f i v e  v e r t i c e s .  
A t  l e a s t  t h r e e  f a c e s  m e e t  a t  each  v e r t e x ,  hence 
The E u l e r  c h a r a c t e r i s t i c  o f  a  s phe re  i s  e q u a l  t o  two, s o  t h a t  
Hence ( h  + p )  + (6h + 5p ) /3  - (6h + 5 p ) /  2  2 2  (4 .11)  
The re fo r e ,  p  2 12 a s  r e q u i r e d .  
4.5 S c a l i n g  R e s t r i c t i o n s  f o r  t h e  S p h e r i c a l  T e s s e l l a t i o n s  
Dodecahedron 
0 2 ,  The a r e a  o f  a  pentagon of r a d i u s  X i s  5  s i n54 '  cos54 X - 
2  2  2.38X . The s u r f a c e  a r e a  of t h e  dodecahedron i s  t h u s  28.5X . 
The a r e a  of  t h e  s p h e r i c a l  t i m e  s u r f a c e ,  f o r  V = a r 2  + b ,  i s  
2  41~/4ab.  For t h e s e  t o  have s i m i l a r  s c a l e s  w e  r e q u i r e  2 28.5X . 
a b  
This  formula  was used t o  c a l c u l a t e  t h e  pa r ame te r s  f o r  F igu re  11.8 
i n  t h e  main t e x t .  
Trunca ted  I cosahedron  
The a r e a  of  a  hexagon of r a d i u s  X i s  - 2  3J5 X 2  2.60h . 
2  
The a r e a  of an  a d j a c e n t  pentagon of  edge l e n g t h  X i s  
X 2  2 1.72X2. The s u r f a c e  a r e a  of  t h e  t r u n c a t e d  4 
i co sahed r on ,  w i t h  tw e lve  pentagons  and twenty  hexagons, i s  
2  t h u s  72.6X . The s c a l i n g  r e s t r i c t i o n  i s  t h u s ,  
Th i s  formula  was used t o  c a l c u l a t e  t h e  pa ramete r s  f o r  F igu re  11.9 
i n  t h e  main t e x t .  
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